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Abstract
The projective plane, PG(2,q), over a Galois field Fq is an incidence structure of points and
lines. A (k;n)-arcK in PG(2,q) is a set of k points such that no n+1 of them are collinear but
some n are collinear. A (k;n)-arc K in PG(2,q) is called complete if it is not contained in any
(k+1;n)-arc. The existence of arcs for particular values of k and n pose interesting problems in
finite geometry. It connects with coding theory and graph theory, with important applications in
computer science. The main problem, known as the packing problem, is to determine the largest
size mn(2,q) of K in PG(2,q). This problem has received much attention. Here, the work
establishes complete arcs with a large number of points. In contrast, the problem to determine
the smallest size tn(2,q) of a complete (k;n)-arc is mostly based on the lower bound arising from
theoretical investigations.
This thesis has several goals.
The first goal is to classify certain (k;4)-arcs for k = 6, . . . ,38 in PG(2,13). This classifica-
tion is established through an approach in Chapter 2. This approach uses a new geometrical
method; it is a combination of projective inequivalence of (k;4)-arcs up to k = 6 and certain sd-
inequivalent (k;4)-arcs that have sd-inequivalent classes of secant distributions for k = 7, . . . ,38.
The part related to projectively inequivalent (k;4)-arcs up to k= 6 starts by fixing the frame points
{1,2,3,88} and then classify the projectively inequivalent (5;4)-arcs. Among these (5;4)-arcs
and (6;4)-arcs, the lexicographically least set are found. Now, the part regarding sd-inequivalent
(k;4)-arcs in this method starts by choosing five sd-inequivalent (7;4)-arcs. This classification
method may not produce all sd-inequivalent classes of (k;4)-arcs. However, it was necessary
to employ this method due to the increasing number of (k;4)-arcs in PG(2,13) and the extreme
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computational difficulty of the problem. It reduces the constructed number of (k;4)-arcs in each
process for large k. Consequently, it reduces the executed time for the computation which could
last for years. Also, this method decreases the memory usage needed for the classification. The
largest size of (k;4)-arc established through this method is k = 38.
The classification of certain (k;4)-arcs up to projective equivalence, for k = 34,35,36,37,38, is
also established. This classification starts from the 77 incomplete (34;4)-arcs that are constructed
from the sd-inequivalent (33;4)-arcs given in Section 2.29, Table 2.35. Here, the largest size of
(k;4)-arc is still k = 38. In addition, the previous process is re-iterated with a different choice
of five sd-inequivalent (7;4)-arcs. The purpose of this choice is to find a new size of complete
(k;4)-arc for k > 38. This particular computation of (k;4)-arcs found no complete (k;4)-arc for
k > 38. In contrast, a new size of complete (k;4)-arc in PG(2,13) is discovered. This size is
k = 36 which is the largest complete (k;4)-arc in this computation. This result raises the second
largest size of complete (k;4)-arc found in the first classification from k = 35 to k = 36.
The second goal is to discuss the incidence structure of the orbits of the groups of the projectively
inequivalent (6;4)-arcs and also the incidence structures of the orbits of the groups other than the
identity group of the sd-inequivalent (k;4)-arcs. In Chapter 3, these incidence structures are
given for k = 6,7,8,9,10,11,12,13,14,38. Also, the pictures of the geometric configurations of
the lines and the points of the orbits are described.
The third goal is to find the sizes of certain sd-inequivalent complete (k;4)-arcs in PG(2,13).
These sizes of complete (k;4)-arcs are given in Chapter 4 where the smallest size of complete
(k;4)-arc is at most k = 24 and the largest size is at least k = 38.
The fourth goal is to give an example of an associated non-singular quartic curve C for each
complete (k;4)-arc and to discuss the algebraic properties of each curve in terms of the number
I of inflexion points, the number |C ∩K | of rational points on the corresponding arc, and the
number N1 of rational points of C . These curves are given in Chapter 5. Also, the algebraic
properties of complete arcs of the most interesting sizes investigated in this thesis are studied. In
addition, there are two examples of quartic curves C (g′1) and C (g
′
2) attaining the Hasse-Weil-
Serre upper bound for the number N1 of rational points on a curve over the finite field of order
thirteen. This number is 32.
Abstract iv
The fifth goal is to classify the (k;4)-arcs in PG(2,13) up to projective inequivalence for k< 10.
This classification is established in Chapter 6. It starts by fixing a triad, U1, on the projective
line, PG(1,13). Here, the number of projectively inequivalent (k;4)-arcs are tested by using the
tool given in Chapter 2. Then, among the number of the projectively inequivalent (10;4)-arcs
found, the classification of sd-inequivalent (k;4)-arcs for k = 10 is made. The number of these
sd-inequivalent arcs is 36. Then, the 36 sd-inequivalent arcs are extended. The aim here is to
investigate if there is a new size of sd-inequivalent (k;4)-arc for k> 38 that can be obtained from
these arcs. The largest size of sd-inequivalent (k;4)-arc in this process is the same as the largest
size of the sd-inequivalent (k;4)-arc established in Chapter 2, that is, k = 38.
In addition, the classification of (k;n)-arcs in PG(2,13) is extended from n = 4 to n = 6. This
extension is given in Chapter 7 where some results of the classification of certain (k;6)-arcs for
k = 9, . . . ,25 are obtained using the same method as in Chapter 2 for k = 7, . . . ,38. This process
starts by fixing a certain (8;6)-arc containing six collinear points in PG(2,13).
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Introduction
The theory of finite fields dates back to the seventeenth and eighteenth centuries. Many mathem-
aticians have contributed to its development, such as Pierre de Fermat (1601-1665) and Leonard
Euler (1707-1783) when they introduced the structure theory of special finite fields. However, the
general theory of finite fields started with the French mathematician Evariste Galois (1811-1832)
who determined the necessary and sufficient condition for a polynomial to be solvable by radic-
als. Also, the German mathematician Friedrich Gauss (1777-1855) who contributed significantly
to many fields for instance number theory, algebra, differential geometry. Nowadays, the theory
of finite fields has become very important and plays a significant role in applied mathematics, en-
gineering science, computer science, and communication theory because of its many applications
in these areas.[26]
Projective geometry is a branch of mathematics, one of the outstanding achievements of the
nineteenth century, a century of remarkable mathematical achievements such as non-Euclidean
geometry, abstract algebra, and the foundations of calculus. Projective geometry is as much a
part of a general education in mathematics as differential equations and Galois theory. Moreover,
it is a prerequisite for algebraic geometry, one of today’s most vigorous and exciting branches of
mathematics.
For more than fifty years projective geometry has been propelled in a new direction by its combin-
atorial connections. The challenge of describing a classical geometric structure by its parameters
and properties that at first glance might seem superficial provided much of the impetus for finite
geometry, another flourishing branch of mathematics.
In recent years new and important applications have been discovered. The structures of clas-
sical projective geometry are ideally suited for modern communications. In particular, projective
geometry is applied to coding theory and to cryptography.[7]
Coding Theory dates back to 1948; it is used for multiple purposes in the military sphere including
encryption of messages in wars and for the exchange of messages between the leaders of armies
in a safe way by keeping the contents from leaking to the enemy. Also it means hide the true
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meaning of the message content in a manner to be agreed upon between the sender and the
receiver and may be used for other purposes verify the identity of the sender.[24].
In general, coding theory is the study of methods for efficient and accurate diverse applications
such as, the minimization of noise from compact disc recordings, the transmission of financial
information across telephone lines, and data transfer from one computer to another.[23]
The main topic of this thesis is to classify certain (k;4)-arcs in PG(2,13) by a new method that is
a combination of projectively inequivalent (k;4)-arcs and certain sd-inequivalent (k;4)-arcs that
have sd-inequivalent classes Nc of secant distributions. The classification of certain (k;4)-arcs
up to projective inequivalence for k = 34,35,36,37,38 is also given. The process to classify the
sd-inequivalent (k;4)-arcs is re-iterated. The result of this particular computation is a new size
of complete (k;4)-arc for k = 36. In addition, the incidence structure of the orbits for a ′large′
group of sd-inequivalent (k;4)-arc is described. The sizes of certain sd-inequivalent complete
(k;4)-arcs in PG(2,13) are established. Furthermore, for each complete (k;4)-arc, an associated
quartic curve is defined and its properties described. Also, the classification of (k;4)-arcs up to
projective inequivalence for k< 10 in PG(2,13) is given. Then these follows a process to discover
whether there is a size of complete (k;4)-arc with k > 38. The classification of certain (k;4)-arcs
in PG(2,13) is extended to classify certain (k;6)-arcs for k = 9, . . . ,25. The computing tools that
have been used to implement this work are GAP and Mathematica [13], [34].
Outline of the thesis
In this thesis, the following aspects are discussed in seven chapters.
Chapter one deals with the basic preliminaries to finite geometry and coding theory. Also,
in this chapter some algebraic preliminaries of algebraic geometry related to the quartic curves
corresponding to each complete (k;4)-arc in PG(2,13) are given.
Chapter two introduces a new approach to classify certain (k;4)-arcs in PG(2,13). The pro-
jectively inequivalent (k;4)-arcs up to k = 6 then the sd-inequivalent (k;4)-arcs that have sd-
inequivalent classes Nc of the i-secant distributions are found for k = 7, . . . ,38. Also, the corres-
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ponding linear codes of each (k;4)-arc are introduced via their parameters n,k,d and e.
Chapter three discusses the incidence structure of the orbits of the groups of the projectively
inequivalent (6;4)-arcs given in Chapter 2. Also, the whole geometric picture of these structures
of sd-inequivalent classes of i-secant distribution of the (6;4)-arcs is given. In addition, the
incidence structures of the orbits of the groups other than the identity group of sd-inequivalent
(k;4)-arcs for k = 7,8,9,10,11,12,13,14,38 are discussed.
Chapter four introduces the classification of certain sd-inequivalent complete (k;4)-arcs in
PG(2,13) for k= 24,25,26,27,28,29,30,31,32,33,34,35,38. Furthermore, the complete (36;4)-
arc established in Chapter 2 is discussed.
Chapter five presents examples of a non-singular quartic curves C ( fi) associated to complete
(k;4)-arcs in PG(2,13) for k = 24,25,26,27,28,29,30,31,32,33,34,35,36,38. This chapter
shows the algebraic properties for each quartic curve in terms of the number I of inflexion points,
the number |C ∩K | of rational points on the corresponding arc, and the number N1 of rational
points. In addition, two examples of quartic curves attaining the Hasse-Weil-Serre upper bound
for the number N1 of rational points on a curve over the finite field of order thirteen are given.
This number is 32.
Chapter six discusses the classification of (k;4)-arcs up to projective inequivalence for k< 10.
Then a process is done to discover if there is a new size of complete (k;4)-arc for k > 38. The
size of complete (k;4)-arc investigated in this process is k = 38.
Chapter seven introduces some results of the classification of certain sd-inequivalent (k;6)-
arcs in PG(2,13) for the values of k = 9, . . . ,25. This work is to be continued. The approach that
has been used in this classification is based on the method used in Chapter 2, Section 2.3.
Chapter 1
Background
In this chapter, some essential and necessary principles regarding projective geometry, algebraic
geometry, and coding theory are considered as a start of this work. The objective of this chapter
is to introduce these basic principles which provide a nice structure and important information.
They play a significant role in many problems.
The content of this chapter is based on the following standard references:
[26], [23], [40], [32], [7], [24], [18], [41], [16], [27], [30], [14], [17], [20], [21], [22], [33], [38],
[35], [25], [19], [4], [39].
1.1 Finite fields
A field F is a set of elements with two operations, addition (+) and multiplication (×), satisfying
the following properties:
(a) (F,+) is an abelian group with identity 0;
(b) (F \{0} ,×) is an abelian group with identity 1;
(c) x(y+ z) = xy+ xz, for all x,y,z ∈ F.
A finite field of order q is also called a Galois field. It is denoted by Fq. Note that a finite field is
defined up to an isomorphism by the number q of its elements. Therefore, q must be an integer
power ph of a prime p. Here, p is the characteristic of the finite field. Then, every element
4
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x ∈ Fq satisfies xq− x = 0. When q = p, then Fp = {0,1, . . . , p−1}; when q = ph, h > 1, then
Fq = {0,1,α,α2, . . . ,αq−2 | αq−1 = 1} for some α ∈ Fq. The non-zero elements of Fq form a
group F∗q of order q−1 such that F∗q ∼= Zq−1.
1.1.1 Primitive element
A primitive element of a finite field Fq is an element x ∈ Fq such that, for every non-zero element
y ∈ Fq, there is an integer n with y = xn.
Theorem 1.1. If F is a finite field, then the order of F is q= ph, where p is the prime characteristic
of F and h is a positive integer.
Proof. See [12, Chapter X].
Lemma 1.2. If F is a finite field with q elements, then every x ∈ F satisfies xq = x.
Proof. For x = 0, the identity xq = x is trivial. The nonzero elements of F form a group of order
q−1 under multiplication. Thus xq−1 = 1 for all x ∈ F with x 6= 0. The multiplication by x yields
the result.
1.1.2 Polynomials
If F is a field, then the polynomial ring in the indeterminate X over F is the set
F[X ] = {anXn+an−1Xn−1+ · · ·+a0 | ai ∈ F,n ∈ N},
where N is the set of non-negative integers.
(1) If an 6= 0, then deg( f (X)) = n.
(2) If an = 1, then f (X) is monic.
(3) A polynomial f (X) is reducible if
f (X) = g(X)h(X),
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where g(X),h(X) ∈ F[X ] and both deg(g(X)) and deg(h(X)) are less than deg( f (X)). Other-
wise it is irreducible.
Definition 1.3. An element β ∈F is called a root or a zero of the polynomial f ∈F[X ] if f (β )= 0.
Theorem 1.4. If f (X) ∈ F[X ] and c ∈ F, then X− c is a factor of f (X) if and only if f (c) = 0.
Proof. See [12, Chapter VIII].
1.1.3 Primitive polynomials
An irreducible polynomial f (X)∈ Fp[X ] of degree m is primitive if the smallest n for which f (X)
divides Xn−1 is n = pm−1.
1.2 Finite groups
Definition 1.5. A group is an ordered pair (G,∗), where G is a non-empty set and ∗ is a binary
operation on G such that the following properties hold.
(1) For all a,b,c G, a∗ (b∗ c) = (a∗b)∗ c.
(2) There exists e ∈ G such that for all a ∈ G, a∗ e = a = e∗a.
(3) For all a ∈ G, there exists b ∈ G such that a∗b = e = b∗a.
Definition 1.6. A group G is finite if G contains only finitely many elements.
Definition 1.7. A group G is cyclic if every element of G is a power of a fixed element g ∈ G
such that, G = 〈g〉= {g,g2,g3, . . . ,gn = 1}.
Definition 1.8. A group G is called trivial if it only contains the identity element.
A group G is called abelian or commutative if ab= ba for any a,b∈G. The set Z of integers with
the usual addition is an abelian group.
Theorem 1.9. Any infinite cyclic group is isomorphic to the group Z, and any finite cyclic group
of order n is isomorphic to the group Zn.
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Proof. Let 〈a〉 be an infinite cyclic group. Define a mapping φ : Z −→ 〈a〉 by the rule φ(i) = ai.
Clearly, φ(i+ j) = φ(i)φ( j) and φ is onto. Moreover, φ is injective if ai = a j for some i< j, then
a j−i = e and the group 〈a〉 would contain only the elements e,a, . . . ,a j−i−1, which is impossible.
Therefore φ is an isomorphism. If 〈a〉 is a cyclic group of order n, then the mapping φ : Zn−→〈a〉,
given by the same rule φ(i) = ai, is an isomorphism.
Theorem 1.10. Any subgroup of a cyclic group is cyclic.
Proof. Let 〈a〉 be a cyclic group. Let H be a nontrivial subgroup of 〈a〉 and let m be the smallest
positive integer, such that am ∈ H. Then 〈am〉 ≤ H. An arbitrary element of H has the form ak.
Dividing k by m, we get k = mq+ r,0 ≤ r < m. Then ar = ak(am)−q ∈ H. By the minimality of
m it follows that r = 0. So, ak = (am)q ∈ 〈am〉.
1.2.1 Group action on a set
Let G be a group acts on a set X if for each g ∈ G and x ∈ X an element gx ∈ X is defined, such
that g2(g1x) = (g2g1)x and ex = x for all x ∈ X , g1,g2 ∈ G.
The set
Orb(x) = {gx | g ∈ G},
is called the orbit of the element x. The stabilizer of an element x of X is the subgroup
S = {g ∈ G | gx = x}.
The fixed points set of an element g of G is the set defined as follows:
F ix(g) = {x ∈ X | gx = x}.
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1.3 Incidence structures
An incidence structureI is a triple (P,B, I), whereP is a set whose elements are called points,
B is a set whose elements are called blocks or lines, and I is a symmetric incidence relation, such
that I ⊆ (P×B)∪ (B×P). If (P,B) ∈ I, we say that P is incident with B, or P lies on B, or
B is incident with P, that B contains P. The points in an incidence structure that lie on the same
line are collinear points. Also, The lines that pass through a point are concurrent lines. The dual
of an incidence structure (P,B, I) is also incidence structure denoted by I D = (B,P, I). For
instance, three points are collinear if they are contained in a line. Dually, we say that three lines
are concurrent in a point. An isomorphism between incidence structures is a bijection between
the point sets together with a bijection between the line sets such that preserved incidence. An
automorphism of an incidence structure is an isomorphism from the incidence structure to itself.
An incidence structure is said to be a self-dual if it is isomorphic to its dual.
1.4 Projective space over a field
Let V (n+ 1,F) be the vector space of dimension n+ 1 over a field F with origin 0. Then the
n-dimensional projective space is defined to be the set of the equivalence classes of V (n+1,F)\
{0}, where (x0, . . . ,xn) ∼ (λx0, . . . ,λxn) ,∀λ ∈ F \ {0}, that is the set of all 1-dimensional sub-
spaces of V (n+1,F) and it is denoted by PG(n,F). When F = Fq, such that V (n+1,q) = Fn+1q ,
the projective space is denoted by PG(n,q). The 1-dimensional subspace u = {λ (x0,x1, . . . ,xn) |
λ ∈Fq\{0}} of V (n+1,q) gives the point P(u)=P(x0, . . . ,xn) of PG(n,q). The points P(x0), . . . ,
P(xn) are linearly independent if a set of vectors x0, . . . ,xn representing them are linearly inde-
pendent. The subspaces of PG(n,q) of dimension 0,1,2,3, and n− 1 are called points, lines,
planes, solids, and hyperplanes.
Suppose that pin and pim are subspaces of PG(n,q); then the intersection of pin and pim denoted
by pin ∩ pim, that is the set of points common to pin and pim and is also a subspace. The span
of pin and pim denoted by pinpim is the smallest subspace containing the points of pin and pim. The
number of points in PG(n,q) equals
(
qn+1−1)/(q−1) . Also, the number of (k−1)-dimensional
subspaces in PG(n−1,q) is given by the following:






(qn−1)(qn−1−1) · · ·(qn−k+1−1)
(qk−1)(qk−1−1) · · ·(q−1)
1.4.1 The projective plane PG(2,q)
The projective plane PG(2,q) over Fq contains q2+q+1 points and lines. There are q+1 points
on each line and q+1 lines passing through each point. The value of q that has been used in this
work is q = 13. Therefore the projective plane PG(2,13) has 183 points and lines, with 14 points
on each line and 14 lines passing through each point. The point P(x0,x1,x2) in the projective
plane, PG(2,q), can be represented as a vector of three coordinates over Fq as shown in Table
1.1.
Table 1.1: The points in PG(2,q)




A line in PG(2,q) is a set of points P(x0,x1,x2) satisfying the homogeneous linear equation
ax0+bx1+ cx2 = 0,
with a,b,c ∈ Fq not all zero; it is denoted by L(a,b,c). Thus, a projective plane is an incidence
structure of points and lines with the following properties:
(i) every two points are incident with a unique line;
(ii) every two lines are incident with a unique point;
(iii) there are four points, no three collinear.
1.4.2 General linear group of a vector space
Let Fq is a finite field and let V (n,q) is a vector space of dimension n over Fq, then the linear
map V (n,q) −→ V (n,q), such that x −→ xA, for x ∈ V a row vector and A a non-singular n× n
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matrix over Fq. The group consisting of all linear maps of V (n,q), that is, the group consisting
of all non-singular n× n matrices over Fq, is called the general linear group and is denoted by
GL(n,q). The order of GL(n,q) is as follows:
|GL(n,q)|= (qn−1)(qn−q)(qn−q2) · · ·(qn−qn−1).
In addition, the subgroup SL(n,q) consisting of all matrices with determinant 1, and it is called
the special linear group of degree n over Fq. The group SL(n,q) contains a subgroup UT(n,q)
consisting of those matrices with all entries below the main diagonal zero, and with the entries on
the main diagonal equal to the identity. This subgroup is called the unitriangular group of degree
n over Fq.
1.4.3 Collineations and projectivities
(1) IfP andP ′ are two projective spaces PG(k−1,q), then a collineation is a bijection mapping
ϕ :P −→P ′ that preserves incidence. The collineations of PG(n,q) with the operation of
composition, form a group, denoted by PΓL(n+ 1,q) and called the collineation group of
PG(n,q).
(2) For two spaces S and S′, a projectivity is a bijection T : S −→ S′ given by a non-singular
(n+1)× (n+1) matrix H such that P(X)T = P(X ′) if XH = tX ′ where P(X) and P(X ′) are
points with coordinate vectors X and X ′, and t ∈ Fq \{0}.
The group of the projectivities of PG(n,q) is the projective general linear group and denoted






Definition 1.11. A projectivity T is called cyclic if it permutes the points of PG(n,q) in a single
cycle.
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1.4.4 The fundamental theorem in PG(2,q)
Theorem 1.12. If φ :P −→P ′ is a bijective mapping from one projective plane, PG(2,q), to
another, then there is a unique projectivity shifting any quadrangle, that is, a set of four points no
three collinear, to another quadrangle.
The following section illustrates the construction of PG(2,q) in terms of points and lines.
1.5 The structure of PG(2,q)
A cyclic projectivity T plays an important role in the construction of a projective plane. Let
f (x) = x3−a2x2−a1x−a0







Let λ be a root of f (x); then
λ 3 = a2λ 2+a1λ +a0 .
Therefore, for i ∈ [0,q2+q], there exist yi0,yi1,yi2 ∈ Fq such that
λ i = y(i)2 λ
2+ y(i)1 λ + y
(i)
0 ,
λ (i+1) = y(i+1)2 λ
2+ y(i+1)1 λ + y
(i+1)
0 .




















2 are the coordinates of the point P in PG(2,q).
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In general, P( j) = P(i)M j−i for 0≤ i< j ≤ q2+q.
Let P(0) = P(1,0,0); then P(1) = (0,1,0), P(2) = (0,0,1). Since the order of the projectivity
T is q2+q+1, so
PG(2,q) = {P(0)Mi | i = 0,1, . . . ,q2+q}.
Also, the plane can always be represented via the array of dimension (q2 + q+ 1)× (q+ 1) as
given below, with the entries reduced modulo q2+q+1.
L =

d0 d1 . . . dq




d0+q2+q d1+q2+q . . . dq+q2+q

;
here the first line comprises the points P(0) = d0, P(1) = d1, and the points P(i) for i= d2, . . . ,dq
which are collinear with P(0) and P(1). The rows of L represent the lines of PG(2,q) while the
columns represent the points. So, the cyclic projectivity provides a nice structure of the points
and lines in PG(2,q).








Also, the first line of the 183 lines of PG(2,13) is l1 = {1,2,9,21,36,83,89,115,119,128,133,144,
161,182}. See Appendix A for tables of points and lines of PG(2,13).
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1.6 Arcs and complete arcs over a projective space
Definition 1.13. (1) A (k;n)-arc K in PG(2,q) is a set of k points such that no n+ 1 of them
are collinear but some n are collinear.
(2) A (k;n)-arcK in PG(2,q) is complete if it is not contained in any (k+1;n)-arc.
(3) If a line l of PG(2,q) meets K in i points, that is, |l ∩K | = i, then it is an i-secant of K .
Thus, for i = 0,1,2,3,4, it is called 0-secant, 1-secant, 2-secant, 3-secant, and 4-secant.
(4) The smallest and the largest values of k for which a (k;n)-arc exists in PG(2,q) are denoted
by tn(2,q) and mn(2,q).
Remark
Throughout Chapters 2 to Chapter 6 of this thesis, n = 4.
Corollary 1.14. An upper bound for the size of an arc of degree n is
mn(2,q)≤ (n−1)q+n.
A (k;n)-arc which attains the above bound is called maximal arc.
Theorem 1.15. IfK is a maximal (k;n)-arc in PG(2,q), then one of the following holds:
(1) n = q+1 andK = PG(2,q);
(2) n = q andK = AG(2,q) = PG(2,q)\ `, for some line `;
(3) 2 ≤ n < q, n | q, and the dual of the external lines of K forms a ((q+ 1− n)q/n;q/n)-arc,
also maximal.
Proof. See [18, Chapter 12].
Corollary 1.16. A (k;n)-arc is a maximal if and only if every line in PG(2,q) is either an n-secant
or an external line.
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Corollary 1.17. If 2< n< q and n does not divied q, then
mn(2,q)≤ (n−1)q+n−2.
Theorem 1.18. For q odd, a (k;4)-arc satisfies k 6 3q+1.
Proof. See [18, Chapter 12].
Corollary 1.19. A (k;n)-arc with n> 4 in PG(2,q), q 6≡ 0 (mod n), satisfies
k ≤ (n−1)q+n−3.
Theorem 1.20. If K is a (k;n)-arc in PG(2,q) that has an external line and if (n,q) = 1, then
k ≤ (n−1)q+1.
Proof. See [18, Chapter 12].




Proof. See [18, Chapter 12].
1.7 Plane algebraic curves
Let F be a field. Given a form f in the polynomial ring F[X ,Y,Z], a plane algebraic curve
C = v( f ) = (V( f ), f ), where
V( f ) = {P(x,y,z) ∈ PG(2,F) | f (x,y,z) = 0}.
(i) When n = 1,2,3,4,5 then C is a line, conic, cubic, quartic, quintic.
(ii) If f (X ,Y,Z) has a factorisation as f (X ,Y,Z) = g(X ,Y,Z)h(X ,Y,Z) where deg(g)< deg( f )
and deg(h)< deg( f ), then C is a reducible curve. Otherwise it is irreducible.
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1.7.1 Quartic curves
From above, a plane quartic curve v( f ) has degree four:
f = ∑
i+ j+k=4
ai jkX iY jZk ,
with not all ai jk = 0.
1.7.2 Tangent line
Let C = v( f ) be an algebraic curve, and let P = P(x0,y0,z0) be a point on C . Then the tangent
line ` to C at the point P has the following equation:
fx(x− x0)+ fy(y− y0)+ fz(z− z0) = 0.
1.7.3 The intersection multiplicity of a line and a curve
Let C = v( f ) be an algebraic curve, ` a line with equation ax+by+cz = 0, and P = P(x0,y0,z0)
a point on C ∩`. Then the intersection multiplicity m of ` and C at P is calculated as follows. By
substitution,
f ((x0,y0,z0)+ t(x,y,z)) = tmg(x,y,z),
where t does not divide g. Write m = I(P;`,C ).
1.7.4 The multiplicity of a point on a curve
The multiplicity of P on C is
mP(C ) = min{I(P;`,C ) | `⊂ PG(2,q)}.
1.7.5 Singular points
Let C be a plane curve given by the polynomial f and let P = P(x,y,z) be a point on C . Then P
is a singular point of C if it satisfies the following property:
Chapter 1. Background 16
fx(x,y,z) = fy(x,y,z) = fz(x,y,z) = 0.
Therefore, the following are satisfied.
1. P is a singular point of C if every line through P has at least two-point intersection with C
at P.
2. If the plane curve C has a singular point, then C is called a singular curve. Otherwise it is
non-singular curve.
Inflexion points
Let C be a plane curve and let P = P(x,y,z) be a non-singular point of C with tangent ` to C at
P. Then P is said to be an inflexion point of C if it satisfies the following property:
I(P;`,C )≥ 3.
1.7.6 Hessian curve
Let C be a curve given by the polynomial f ; then the Hessian HC of C is defined as follows:







Therefore, if the curve C has degree d then the second partial derivatives of f have degree d−2;
this implies that the Hessian curve HC has degree 3(d−2). A non-singular point P = P(x,y,z)
onHC is an inflexion point of C .
1.7.7 The intersection of curves
Let C1 and C2 are two irreducible plane curves of degree n and m and if P ∈ C1 ∩C2, then the
intersection number at P between C1 and C2 is an integer, denoted by I(P;C1,C2).
Over an algebraically closed field, the following theorem is true.
Chapter 1. Background 17
Be´zout’s theorem
Suppose thatC1 andC2 are two homogeneous curves of degree m1 and m2 which have no common
component. Then the sum of the intersection numbers ofC1 andC2 is the product of their degrees;
that is, ∑P∈C1∩C2 I(P;C1,C2) = m1m2.
1.7.8 The Hasse–Weil–Serre bound
Let C be a non-singular projective curve of genus g defined over the finite field Fq, then the
Hasse–Weil–Serre bound states that the number N1 of rational points of the curve C satisfies the
following inequality:
|N1− (q+1)| ≤ gb2√qc ,
where g is the genus of the curve C .
1.8 Coding theory
1.8.1 Error-correcting codes
The main task of error-correcting codes is to correct a message which transmitted through a noisy
channel by adding redundant information to this message so that is possible to detect or correct
errors.
1.8.2 Linear codes and their parameters
A linear [n,k,d]-code C over the finite field Fq is a subspace of dimension k of the n-dimensional
vector space V (n,q) = Fnq such that any two distinct vectors in C differ in at least d places. The
elements of the code are called codewords. Also, the parameters n,k, and d are called the length,
dimension, and minimum distance of C.
For any two code words c1,c2 ∈C, the minimum distance (Hamming distance) between c1 and c2
is denoted by d(c1,c2) and it is defined to be the number of positions in which the corresponding
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coordinates differ. The minimum distance of C is
d(C) = min{d(c1,c2) | c1,c2 ∈C,c1 6= c2}.
Definition 1.22. Let x,y ∈V (n,q). Then
x · y = x1y1+ x2y2+ · · ·+ xnyn
is the scalar product of x and y.
Definition 1.23. The weight w(x) of x ∈V (n,q) is
w(x) = d(x,0);
that is, w(x) is the number of non-zero elements in x.
Remark
(1) If x · y = 0, then x and y are orthogonal .
(2) The scalar product satisfies the following:
(i) (x+ y) · z = x · z+ y · z;
(ii) (λx · y) = λ (x · y);
(iii) x · y = y · x .
1.8.3 Generator and parity-check matrices
A generator matrix of a linear [n,k,d]-code C is a k×n matrix over the finite field Fq whose rows
form a basis of C; it is denoted by G.
Let C be a linear [n,k]-code over Fq. Then the dual code is defined as follows:
C⊥ = {x ∈V (n,q) | x · y = 0, for all y ∈C}.
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A parity check matrix of a linear [n,k,d]-code C is an (n−k)×n matrix over Fq whose rows form
a basis of C⊥; it is denoted by H.
Lemma 1.24. If C is an [n,k]-code with generator matrix G, then
(i) C⊥ is a linear code;
(ii) C⊥ = {x ∈V (n,q) | xGT = 0}; that is, x is orthogonal to every row of G.
Proof. (i) If y,y1 ∈C⊥, then
x · y = x · y1 = 0 for all x ∈C
implies that
x · (y+ y1) = 0 for all x ∈C,
x · (λy) = 0 for all x ∈C, λ ∈ Fq.
(ii)
xGT = 0 ⇐⇒ x(rT1 , . . . ,rTk ) = 0
⇐⇒ x · ri = 0 for all i
where r1, . . . ,rk are the rows of G.
Lemma 1.25. If d(C) = d, then every d− 1 columns of a parity check matrix H are linearly
independent but some d columns are dependent.
1.8.4 The Singleton bound
For an [n,k,d]-code C over the finite field Fq, the Singleton bound states that
d(C)≤ n− k+1.
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1.8.5 MDS codes
An [n,k,d]-code C over the finite field Fq is said to be a maximum distance separable (MDS)
code if d satisfies the following bound:
d(C) = n− k+1.
Remark
In 1961, the packing problem, that is, the problem to determine the largest size mn(2,q) of a
(k;n)-arc K in PG(2,q) showed an interesting connection with coding theory. This connection
is between (k;n)-arcs in PG(2,q) and the [n,k,d]q-codes in coding theory. This link gives the
following theorem.
Theorem 1.26. [16] There exists a projective [n,k,d]q-code if and only if there exists a (k;k−d)-
arc in PG(k−1;q).
1.9 Lexicographically least set
Given the sets A = {a1, . . . ,ar} and B = {b1, . . . ,br} of integers, with a1 < a2 < · · ·< ar and
b1 < b2 < · · ·< br. Then A≤ B lexicographically if either A= B or if, for some i with 1≤ i< r,
we have a1 = b1, . . . ,ai = bi, but ai+1 < bi+1.
Chapter 2
The classification of certain (k;4)-arcs in
PG(2,13)
Introduction
This chapter contains a new approach to classify certain (k;4)-arcs in PG(2,13). This classific-
ation of (k;4)-arcs is for k = 6, . . . ,38. This method is a combination between the projectively
inequivalent (k;4)-arcs and certain sd-inequivalent (k;4)-arcs that have sd-inequivalent classes
of the i-secant distributions. Also, the (k;4)-arcs are classified up to projective inequivalence for
certain values of k. This classification starts from the 77 incomplete (34;4)-arcs formed from
the sd-inequivalent (33;4)-arcs constructed in the first classification. The previous combination
process is re-iterated to give another classification of (k;4)-arcs; this gives a new size of (k;4)-arc
for k > 35. In addition, the corresponding linear codes of each (k;4)-arc are introduced via their
parameters n,k,d and e.
2.1 The approach
In this approach, the classification of (k;4)-arcs is established by classifying projectively inequi-
valent (6;4)-arcs. This process starts by fixing a frame, that is, the vertices of the quadrangle, in
the plane, PG(2,13). This is the setS0 = {1,2,3,88}. Then, all the points from PG(2,13) which
21
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Hence, the constructed number of (5;3)-arcs is 69; this took 1834 milliseconds. The isomorph-
isms among the 69 (5;3)-arcs are tested according to the lexicographically least sets in the G-
orbits [28] of (5;3)-arcs, where G = PGL(2,13); it took 2330 msc. Then the number of the
projectively inequivalent (5;3)-arcs is four. Also, the stabilisers of the four projectively inequi-
valent (5;3)-arcs are Z2×Z2, Z6, Z2, D4; this took 2312 msec. These stabilisers partition the four
projectively inequivalent (5;3)-arcs into a number of orbits. The i-secant distributions of the 69
(5;3)-arcs took 1780 msec. It shows that there are only two sd-inequivalent classes of i-secant
distributions among the 69 i-secant distributions of (5;3)-arcs. The statistics of the projectively
inequivalent (5;3)-arcs are shown in Table 2.1.
Table 2.1: Projectively inequivalent (5;3)-arcs in PG(2,13)
Symbol (5;3)-arc Stabiliser Orbits {t4, t3, t2, t1, t0}
A1 {1,2,3,88,9} Z2×Z2 {1},{2,9},{3,88} {0,1,7,53,122}
A2 {1,2,3,88,17} Z6 {1,2},{3,17,88} {0,1,7,53,122}
A3 {1,2,3,88,22} Z2 {1,88},{2},{3},{22} {0,1,7,53,122}
A4 {1,2,3,88,135} D4 {1,2,88,3},{135} {0,2,4,56,121}
Theorem 2.1. In PG(2,13), there are exactly four projectively inequivalent (5;3)-arcs.
2.2 Projectively inequivalent (6;4)-arcs
The projectively inequivalent (6;4)-arcs in PG(2,13) are established as follows. All the points
from the plane which are not on any 4-secant of each (5;3)-arc in Table 2.1 are added separately
toA1,A2,A3, andA4. The number of these points for each (5;3)-arc in Table 2.1 is 11,11,11,22
respectively and they are given as follows.
(1) The added points for A1 are 21,36,83,89,115,119,128,133,144,161,182.
(2) The added points for A2 are 12,28,45,66,68,69,76,103,150,156,182.
Chapter 2. The classification of certain (k;4)-arcs in PG(2,13) 23
(3) The added points for A3 are 10,37,84,90,116,120,129,134,145,162,183.
(4) The added points for A4 are 4,11,13,23,30,38,51,53,54,61,73,85,91,117,121,130,141,
146,163,167,171,180.
The constructed number of (6;4)-arcs is 55. It took 1931 msec. Among these (6;4)-arcs, the ca-
nonical sets in the G-orbits of (6;4)-arcs that took 2257 msc show that the number of the project-
ively inequivalent (6;4)-arcs is ten having four stabiliser types; they are Z2, Z2×Z2, Z6, Z4×Z2,
which took 2370 msec. In addition, the i-secant distrbutions of (6;4)-arcs are computed. The
timing is 2005 msec. It shows that there are only two sd-inequivalent classes of i-secant distrbu-
tions {t4, t3, t2, t1, t0} of (6;4)-arcs. The data of the projectively inequivalent (6;4)-arcs are given
in Table 2.2.
Table 2.2: Projectively inequivalent (6;4)-arcs in PG(2,13)
Symbol (6;4)-arc Stabiliser Orbits {t4, t3, t2, t1, t0}
B1 {1,2,3,88,9,21} Z2 {1},{2},{3,88},{9},{21} {1,0,9,62,111}
B2 {1,2,3,88,9,83} Z2 {1},{2},{3,88},{9},{83} {1,0,9,62,111}
B3 {1,2,3,88,9,89} Z2 {1},{2},{3,88},{9},{89} {1,0,9,62,111}
B4 {1,2,3,88,9,115} Z2×Z2 {1,9},{2,115},{3,88} {1,0,9,62,111}
B5 {1,2,3,88,9,182} Z2×Z2 {1},{2,9},{3,88},{182} {1,1,6,65,110}
B6 {1,2,3,88,17,68} Z6 { 1, 2 }, { 3, 17, 88 }, { 68 } {1,0,9,62,111}
B7 {1,2,3,88,17,182} Z6 {1,2},{3,17,88},{182} {1,1,6,65,110}
B8 {1,2,3,88,22,116} Z4×Z2 {1,88},{2,22,3,116} {1,0,9,62,111}
B9 {1,2,3,88,22,145} Z2×Z2 {1,88},{2,145},{3,22} {1,0,9,62,111}
B10 {1,2,3,88,22,183} Z2 {1,88},{2},{3},{22},{183}{1,1,6,65,110}
Theorem 2.2. In PG(2,13), there are exactly ten projectively inequivalent (6;4)-arcs.
Remark
(1) Let Φ4 be the number of projectively inequivalent (k;4)-arcs in PG(2,13). The memory
issues and the increasing size of Φ4 make the computation of Φ4 too difficult. Therefore, an
approach has been used to reduce the number ofΦ4 and also to classify the sets of (k;4)-arcs.
This approach is for k = 7, . . . ,38.
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(2) If two arcsK andK ′ have sd-inequivalent classes of i-secant distributions or sd-inequivalent
stabiliser groups, they are sd-inequivalent.
2.3 sd-inequivalent (7;4)-arcs
Now, to classify the sd-inequivalent (7;4)-arcs Ci where Ci = B j ∪Pi, for j = 1, . . . ,10, and
Pi ∈ PG(2,13). This approach used another method to classify these sets. The method is based
on using the points Pi of PG(2,13) which are not on any 4-secant to each of the 10 projectively
inequivalent (6;4)-arcs constructed, and then adding these points to each projectively inequivalent
(6;4)-arc; these are given in Table 2.2. Given a (6;4)-arc, say B1, the points Pi of PG(2,13)
which are not on any 4-secant toB1 can be add separately toB1 to establish the (7;4)-arcs. The
same is done forB2, . . . ,B10. Then, the constructed number of (7;4)-arcs is 1670. The i-secant
distributions {t4, t3, t2, t1, t0} of the 1670 (7;4)-arcs are computed. Then, they are partitioned into
a number of sd-inequivalent classes Nc of i-secant distributions. The number of these classes is
five and they are listed in Table 2.4. So, from each sd-inequivalent class choose an associated
(7;4)-arc to form the set of sd-inequivalent (7;4)-arcs. Thus, the number of sd-inequivalent
(7;4)-arcs is five. The statistics are given in Tables 2.3, 2.4, 2.5.
Table 2.3: Points added to the 10 projectively inequivalent (6;4)-arcs
Arc Points added
B1 {4,5,6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39,40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66,
67, 68, 69,70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87,
90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101,102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127,
129, 130, 131, 132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146,
147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163,
164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 183}
B2 {4,5,6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39,40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66,
67, 68, 69,70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87,
90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101,102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127,
129, 130, 131, 132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146,
147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163,
164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 183}
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B3 {4,5,6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39,40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66,
67, 68, 69,70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87,
90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101,102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127,
129, 130, 131, 132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146,
147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163,
164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 183}
B4 {4,5,6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39,40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66,
67, 68, 69,70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87,
90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101,102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127,
129, 130, 131, 132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146,
147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163,
164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 183}
B5 {4,5,6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39,40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66,
67, 68, 69,70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87,
90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101,102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127,
129, 130, 131, 132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146,
147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163,
164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,
180, 181, 183}
B6 {4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65,67,
70, 71, 72, 73, 74, 75, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 89, 90, 91,
92,93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126,
127,128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142,
143, 144, 145, 146, 147, 148, 149, 151, 152, 153, 154, 155, 157, 158, 159,
160, 161, 162, 163, 164, 165, 166, 167,168, 169, 170, 171, 172, 173, 174,
175, 176, 177, 178, 179, 180, 181, 183}
B7 {4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59,60, 61, 62, 63, 64, 65, 67,
70, 71, 72, 73, 74, 75, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 89, 90, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126,
127,128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142,
143, 144, 145, 146, 147, 148, 149, 151,152,153, 154, 155, 157, 158, 159, 160,
161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175,
176, 177, 178, 179, 180, 181, 183}
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B8 {4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38, 39, 40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 85, 86, 87, 89, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 117, 118, 119, 121, 122, 123, 124, 125, 126, 127, 128, 130,
131, 132, 133, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 146, 147, 148, 149,
150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 163, 164, 165, 166,
167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178,
179, 180, 181, 182}
B9 { 4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38, 39, 40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 85, 86, 87, 89, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 117, 118, 119, 121, 122, 123, 124, 125, 126, 127, 128, 130,
131, 132, 133, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 146, 147, 148, 149,
150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 163, 164, 165, 166,
167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178,
179, 180, 181, 182}
B10 {4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38, 39, 40, 41, 42, 43, 44, 45,
46, 47, 48, 49,50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65,
66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 85, 86,
87, 89, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106,
107, 108, 109, 110, 111, 112, 113, 114, 115, 117, 118, 119, 121, 122, 123, 124, 125,
126, 127, 128, 130, 131, 132, 133, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144,
146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161,
163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177,
178, 179, 180, 181, 182}
Table 2.4: Nc of {t4, t3, t2, t1, t0} of (7;4)-arcs






Table 2.5: sd-inequivalent (7;4)-arcs in PG(2,13)
Symbol (7;4)-arc Stabiliser Orbits {t4, t3, t2, t1, t0}
C1 {1,2,3,88,9,21,5} I {1}, {2}, {3}, {5}, {9}, {21}, {88} {1,0,15,64,103}
C2 {1,2,3,88,9,21,35} I {1}, {2}, {3}, {9}, {21}, {35}, {88} {1,2,9,70,101}
C3 {1,2,3,88,22,145,12} I {1}, {2}, {3}, {12}, {22}, {88}, {145} {1,1,12,67,102}
C4 {1,2,3,88,9,182,12} D4 {1,12}, {2,9,88,3}, {182} {2,0,9,72,100}
C5 {1,2,3,88,9,182,35} Z2 {1,182}, {2}, {3,35}, {9}, {88} {1,3,6,73,100}
Theorem 2.3. In PG(2,13), there are at least five sd-inequivalent (7;4)-arcs.
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Remark
(1) In this thesis, the term ′sd-inequivalent′ sets of (k;4)-arcs means these sets having sd-inequivalent
classes Nc of secant distributions {t4, t3, t2, t1, t0} of the sets of (k;4)-arcs.
(2) The sets of (k;4)-arcs for k = 8,9, . . . ,38 will be established by adding all the points from the
plane which are not on any 4-secant to each sd-inequivalent (k;4)-arc for k = 7, . . . ,37.
(3) The timings of (k;4)-arcs for k = 7, . . . ,38 are given in Table 2.44.
2.4 sd-inequivalent (8;4)-arcs
The (8;4)-arcs in PG(2,13) are constructed by adding all the points from the plane which are
not on any 4-secant to each sd-inequivalent (7;4)-arc listed in Table 2.5. Thus, the constructed
number of (8;4)-arcs is 820. The i-secant distributions of 820 (8;4)-arcs are found, and then
according to the number Nc of sd-inequivalent classes of i-secant distributions of (8;4)-arcs, the
number of sd-inequivalent (8;4)-arcs is 11 having the groups I, Z2×Z2, D4. The analytic data
are given in Tables 2.6, 2.7,2.8.
Table 2.6: Points added to the sd-inequivalent (7;4)-arcs
Arc Points added
C1 {4, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87, 90, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127, 129, 130, 131,
132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 150, 151,
152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163, 164, 165, 166, 167,168,
169, 170, 171, 172, 173, 174, 175,176, 177, 178, 179, 180, 181, 183 }
C2 {4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 37, 38, 39, 40, 41, 42, 43, 44, 45,46,
47, 48, 49, 50, 51,52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85,86, 87, 90, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125,126, 127, 129, 130, 131,
132, 134, 135,136, 137, 138, 139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 150, 151,
152, 153,154, 155, 156, 157, 158, 159, 160, 162, 163, 164, 165, 166,167, 168,
169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,180,181,183 }
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C3 {4, 5, 6, 7, 8, 9, 11, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38, 39, 40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 85, 86, 87, 89, 91,
92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 117, 118, 119, 121, 122, 123, 124, 125, 126, 127, 128, 130, 131,
132, 133, 135, 136, 137,138, 139, 140, 141, 142, 143,144, 146, 147, 148, 149, 150, 151,
152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 163, 164, 165, 166, 167, 168,
169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182}
C4 {4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 37, 38, 39, 40, 41, 42, 43, 44, 45,46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87, 90, 91,
92,93,94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125, 126, 127, 129, 130, 131,
132, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 150, 151,
152, 153, 154, 155, 156, 157, 158, 159, 160, 162, 163, 164, 165, 166, 167, 168,
169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 183 }
C5 {4, 5, 6, 7, 8, 10, 11, 13, 14, 15, 16, 18, 19, 20, 22, 23, 24, 25,
26, 27, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39, 40, 41, 42, 43, 44, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 67,
70, 71, 72, 73, 74, 75, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87, 90, 91, 92, 93,
94, 95, 96, 97, 98, 99, 100, 101, 102, 104, 105, 106, 107, 108, 109, 110,111, 112,
113, 114, 116, 117, 118, 120, 121, 122, 123, 124, 125, 126, 127, 129, 130, 131, 132,
134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 151,
152, 153, 154, 155, 157, 158, 159, 160, 162, 163, 164, 165, 166, 167, 168,
169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179,180, 181, 183 }
Table 2.7: Nc of {t4, t3, t2, t1, t0} of (8;4)-arcs
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Table 2.8: sd-inequivalent (8;4)-arcs in PG(2,13)
Symbol (8;4)-arc Stabiliser {t4, t3, t2, t1, t0}
D1 {1,2,3,88,9,21,5,4} I {1,2,16,70,94}
D2 {1,2,3,88,9,21,5,15} I {1,0,22,64,96}
D3 {1,2,3,88,9,21,5,39} I {1,3,13,73,93}
D4 {1,2,3,88,9,21,35,7} I {1,4,10,76,92}
D5 {1,2,3,88,9,21,35,39} I {2,2,10,78,91}
D6 {1,2,3,88,22,145,12,16} I {1,1,19,67,95}
D7 {1,2,3,88,22,145,12,17} I {2,1,13,75,92}
D8 {1,2,3,88,22,145,12,28} I {2,0,16,72,93}
D9 {1,2,3,88,9,182,35,53} Z2×Z2 {2,3,7,81,90}
D10 {1,2,3,88,9,182,35,56} I {1,5,7,79,91}
D11 {1,2,3,88,9,182,35,135} D4 {1,6,4,82,90}
Theorem 2.4. In PG(2,13), there are at least eleven sd-inequivalent (8;4)-arcs.
Remark
In Table 2.8, the group Z2×Z2 partitions the sd-inequivalent (8;4)-arcD9 = {1,2,3,88,9,182,35,53} into
4 orbits as the following:
Orb1(D9) = {1,35,3,182},Orb2(D9) = {2,53},Orb3(D9) = {9},Orb4(D9) = {88}.
Also, the dihedral group splits the set D11 = {1,2,3,88,9,182,35,135} into three orbits; they are as fol-
lows:
Orb1(D11) = {1,182},Orb2(D11) = {2,9},Orb3(D11) = {3,35,135,88}.
2.5 sd-inequivalent (9;4)-arcs
From Table 2.8, there are 11 sd-inequivalent (8;4)-arcs. So, by adding all the points from the plane which
are not on any 4-secant to each sd-inequivalent (8;4)-arc, the constructed number of (9;4)-arcs is 1775.
Then, according to the number of sd-inequivalent classes of i-secant distribution of (9;4)-arcs, the number
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of sd-inequivalent (9;4)-arcs is 21. The statistics are given in Tables 2.9, 2.10.
Table 2.9: Nc of {t4, t3, t2, t1, t0} of (9;4)-arcs






















Table 2.10: sd-inequivalent (9;4)-arcs in PG(2,13)
Symbol (9;4)-arc Stabiliser {t4, t3, t2, t1, t0}
E1 {1,2,3,88,9,21,5,4,12} I {2,2,18,76,85}
E2 {1,2,3,88,9,21,5,4,39} I {2,3,15,79,84}
E3 {1,2,3,88,9,21,5,4,61} I {1,5,15,77,85}
E4 {1,2,3,88,9,21,5,15,33} I {1,0,30,62,90}
E5 {1,2,3,88,9,21,5,39,90} I {2,4,12,82,83}
E6 {1,2,3,88,9,21,5,39,61} I {1,6,12,80,84}
E7 {1,2,3,88,9,21,35,7,17} I {1,7,9,83,83}
E8 {1,2,3,88,9,21,35,7,160} I {3,2,12,84,82}
E9 {1,2,3,88,9,182,35,56,45} I {2,5,9,85,82}
E10 {1,2,3,88,9,182,35,56,53} Z2 {2,6,6,88,81}
E11 {1,2,3,88,9,182,35,56,66} Z3 {3,3,9,87,81}
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E12 {1,2,3,88,9,182,35,56,135} Z2 {1,8,6,86,82}
E13 {1,2,3,88,9,182,35,135,53} S4 {3,4,6,90,80}
E14 {1,2,3,88,22,145,12,16,4} I {1,3,21,71,87}
E15 {1,2,3,88,22,145,12,16,17} I {2,1,21,73,86}
E16 {1,2,3,88,22,145,12,16,20} I {1,2,24,68,88}
E17 {1,2,3,88,22,145,12,16,28} I {2,0,24,70,87}
E18 {1,2,3,88,22,145,12,16,33} I {1,1,27,65,89}
E19 {1,2,3,88,22,145,12,16,49} I {1,4,18,74,86}
E20 {1,2,3,88,22,145,12,17,6} I {3,0,18,78,84}
E21 {1,2,3,88,22,145,12,17,34} I {3,1,15,81,83}
Theorem 2.5. In PG(2,13), there are at least 21 sd-inequivalent (9;4)-arcs.
Remark
In this construction, among the 21 sd-inequivalent (9;4)-arcs, there are 4 types of the groups: I, Z2, Z3, S4.
These groups split their associated sd-inequivalent (9;4)-arcs into a number of orbits as follows:
(1) The set E1 = {1,2,3,88,9,21,5,4,12} has the identity group that partitions E1 into 9 single orbits.
They are as follows:
Orb1(E1) = {1},Orb2(E1) = {2},Orb3(E1) = {3},
Orb4(E1) = {4},Orb5(E1) = {5},Orb6(E1) = {9},
Orb7(E1) = {12},Orb8(E1) = {21},Orb9(E1) = {88}.
(2) The set E10 = {1,2,3,88,9,182,35,56,53} has the group Z2 that partitions E10 into 6 orbits as follows:
Orb1(E10) = {1,3},Orb2(E10) = {2,53},Orb3(E10) = {9},
Orb4(E10) = {35,182},Orb5(E10) = {56},Orb6(E10) = {88}.
(3) The set E11 = {1,2,3,88,9,182,35,56,66} has the group Z3 that partitions E11 into 3 orbits. They are
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the following:
Orb1(E11) = {1,3,56},Orb2(E11) = {2,182,66},Orb3(E11) = {9,88,35}.
(4) The set E13 = {1,2,3,88,9,182,35,135,53} has the group S4 that splits E13 into 2 orbits. They are as
follows:
Orb1(E13) = {1,3,35,135,182,88},Orb2(E13) = {2,9,53}.
2.6 sd-inequivalent (10;4)-arcs
In this process, the number of sd-inequivalent classes Nc of secant distributions of (10;4)-arcs is 34. So,
there are 34 sd-inequivalent (10;4)-arcs having four types of stabiliser groups. The statistics are given in
Table 2.11 and Table 2.12.
Table 2.11: Nc of {t4, t3, t2, t1, t0} of (10;4)-arcs




































Table 2.12: sd-inequivalent (10;4)-arcs in PG(2,13)
Symbol (10;4)-arc Stabiliser {t4, t3, t2, t1, t0}
F1 {1,2,3,88,9,21,5,4,61,38} I {3,3,18,83,76}
F2 {1,2,3,88,9,21,5,4,61,39} I {2,7,12,87,75}
F3 {1,2,3,88,9,21,5,4,61,68} I {2,6,15,84,76}
F4 {1,2,3,88,9,21,5,4,61,158} I {1,9,12,85,76}
F5 {1,2,3,88,9,21,5,4,39,91} I {4,1,18,85,75}
F6 {1,2,3,88,9,21,5,15,33,17} I {1,1,36,61,84}
F7 {1,2,3,88,9,21,5,15,33,55} I {1,0,39,58,85}
F8 {1,2,3,88,9,21,5,39,61,53} I {3,4,15,86,75}
F9 {1,2,3,88,9,21,5,39,90,105} I {4,2,15,88,74}
F10 {1,2,3,88,9,21,35,7,17,66} Z2 {3,5,12,89,74}
F11 {1,2,3,88,9,21,35,7,17,91} I {2,8,9,90,74}
F12 {1,2,3,88,9,182,35,56,53,66} Z2 {4,4,9,94,72}
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F13 {1,2,3,88,9,182,35,56,135,22} I {1,10,9,88,75}
F14 {1,2,3,88,9,182,35,56,135,53} S3 {3,7,6,95,72}
F15 {1,2,3,88,9,182,35,56,135,66} I {3,6,9,92,73}
F16 {1,2,3,88,9,182,35,56,135,90} Z2×Z2 {1,11,6,91,74}
F17 {1,2,3,88,9,182,35,56,45,104} I {4,3,12,91,73}
F18 {1,2,3,88,22,145,12,16,4,7} I {1,6,21,76,79}
F19 {1,2,3,88,22,145,12,16,4,17} I {2,4,21,78,78}
F20 {1,2,3,88,22,145,12,16,4,141} I {1,7,18,79,78}
F21 {1,2,3,88,22,145,12,16,17,6} I {3,0,27,74,79}
F22 {1,2,3,88,22,145,12,16,17,34} I {3,1,24,77,78}
F23 {1,2,3,88,22,145,12,16,17,92} I {3,2,21,80,77}
F24 {1,2,3,88,22,145,12,16,20,8} I {2,1,30,69,81}
F25 {1,2,3,88,22,145,12,16,20,9} I {1,3,30,67,82}
F26 {1,2,3,88,22,145,12,16,20,17} I {2,2,27,72,80}
F27 {1,2,3,88,22,145,12,16,20,23} I {1,5,24,73,80}
F28 {1,2,3,88,22,145,12,16,20,31} I {1,4,27,70,81}
F29 {1,2,3,88,22,145,12,16,20,33} I {1,2,33,64,83}
F30 {1,2,3,88,22,145,12,16,20,69} I {2,3,24,75,79}
F31 {1,2,3,88,22,145,12,16,33,28} I {2,0,33,66,82}
F32 {1,2,3,88,22,145,12,16,49,61} I {1,8,15,82,77}
F33 {1,2,3,88,22,145,12,16,49,92} I {2,5,18,81,77}
F34 {1,2,3,88,22,145,12,17,34,14} I {4,0,21,82,76}
Theorem 2.6. In PG(2,13), there are at least 34 sd-inequivalent (10;4)-arcs.
Remark
In Table 2.12, there are three groups other than the identity group; they are Z2, S3, Z2×Z2. These groups
have the following action on the associated arcs.
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(1) The group Z2 divides the setF10 = {1,2,3,88,9,21,35,7,17,66} into 6 orbits. They are as follows:
Orb1(F10) = {1,88},Orb2(F10) = {2,66},Orb3(F10) = {3,9},
Orb4(F10) = {7},Orb5(F10) = {17,21},Orb6(F10) = {35}.
However, it divides the setF12 = {1,2,3,88,9,182,35,56,53,66} into 7 orbits. They are as follows:
Orb1(F12) = {1},Orb2(F12) = {2,9},Orb3(F12) = {3,66},Orb4(F12) = {35},
Orb5(F12) = {53,56},Orb6(F12) = {88},Orb7(F12) = {182}.
(2) The group S3 splits the setF14 = {1,2,3,88,9,182,35,56,135,53} into 4 orbits. They are as follows:
Orb1(F14) = {1,3,135},Orb2(F14) = {2,9,53},
Orb3(F14) = {35,88,182},Orb4(F14) = {56}.
(3) The group Z2×Z2 partitions the set F16 = {1,2,3,88,9,182,35,56,135,90} into 5 orbits. They are
as follows:
Orb1(F16) = {1},Orb2(F16) = {2,9},Orb3(F16) = {3,135,35,88},
Orb4(F16) = {56,90},Orb5(F16) = {182}.
2.7 sd-inequivalent (11;4)-arcs
Among the 5144 (11;4)-arcs found, the number of sd-inequivalent (11;4)-arcs is 52 as shown in Table
2.13. These (11;4)-arcs have four types of stabiliser groups, they are I, D4, Z2, Z2×Z2. The values of ti
of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (11;4)-arcs are as follows:
t4 ∈ {1, . . . ,6}, t3 ∈ {0, . . . ,13}, t2 ∈ {7, . . . ,46}, t1 ∈ {55, . . . ,100}, t0 ∈ {64, . . . ,80}.
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Theorem 2.7. In PG(2,13), there are at least 52 sd-inequivalent (11;4)-arcs.
Remark
In Table 2.13, the stabilisers of 52 sd-inequivalent (11;4)-arcs are the following:
I,D4, Z2, Z2×Z2.
(1) The group D4 divides the set G17 = {1,2,3,88,9,182,35,56,53,66,143} into 4 orbits. They are the
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following:
Orb1(G17) = {1,3,66,143},Orb2(G17) = {2,9,53,56},
Orb3(G17) = {35,182},Orb4(G17) = {88}.
(2) The group Z2 divides the set G19 = {1,2,3,88,9,182,35,56,135,22,151} into 7 orbits. They are listed
as follows:
Orb1(G19) = {1},Orb2(G19) = {2,9},Orb3(G19) = {3,135},Orb4(G19) = {22,151},
Orb5(G19) = {35,88},Orb6(G19) = {56},Orb7(G19) = {182}.
However, it splits the set G20 = {1,2,3,88,9,182,35,56,135,66,53} into 8 orbits. They are given as
follows:
Orb1(G20) = {1,135},Orb2(G20) = {2},Orb3(G20) = {3},Orb4(G20) = {9,53},
Orb5(G20) = {35},Orb6(G20) = {56},Orb7(G20) = {66},Orb8(G20) = {88,182}.
(3) The group Z2×Z2 partitions the set G23 = {1,2,3,88,9,182,35,56,135,90,53} into 6 orbits. They
are the following:
Orb1(G23) = {1},Orb2(G23) = {2,9},Orb3(G23) = {3,135,35,88},
Orb4(G23) = {53},Orb5(G23) = {56,90},Orb6(G23) = {182}.
2.8 sd-inequivalent (12;4)-arcs
In this process, there are 7534 arcs found including 75 sd-inequivalent classes Nc of secant distribution. So
that the number of sd-inequivalent (12,4)-arcs is 75 as given in Table 2.14. The values of ti of the secant
distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (12;4)-arcs are as follows:
t4 ∈ {1, . . . ,7}, t3 ∈ {0, . . . ,16}, t2 ∈ {9, . . . ,51}, t1 ∈ {53, . . . ,105}, t0 ∈ {56, . . . ,75}.
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Theorem 2.8. In PG(2;13), there are at least 75 sd-inequivalent (12;4)-arcs.
Remark
The stabiliser groups of the 75 sd-inequivalent (12;4)-arcs other than the identity group are the following:
Z2 ,Z3 ,S3 , Z2×Z2.







(2) The group Z3 splits the setH25 into 4 orbits of size 3 as follows:
Orb(H25) = {1,3,56},{2,182,66},{9,88,35},{73,135,100}.
(3) The group S3 partitions the setH26 into 4 orbits of size 3 as follows:
Orb(H26) = {1,35,135},{2,9,53},{3,88,182},{56,90,134}.
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(4) The group Z2×Z2 partitions the setH28 into 6 orbits of sizes 1,2,4,2,2,1 as given below:
Orb(H28) = {1},{2,9},{3,135,101,66},{35,88},{53,56},{182}.
2.9 sd-inequivalent (13;4)-arcs
In this process, the number of sd-inequivalent (13;4)-arcs is 101. The values of ti of the secant distributions
{t4, t3, t2, t1, t0} of the sd-inequivalent (13;4)-arcs are as follows:
t4 ∈ {1, . . . ,9}, t3 ∈ {0, . . . ,19}, t2 ∈ {9, . . . ,57}, t1 ∈ {49, . . . ,110}, t0 ∈ {48, . . . ,71}.










































































































Theorem 2.9. In PG(2;13), there are at least 101 sd-inequivalent (13;4)-arcs.
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Remark
The groups of the 101 sd-inequivalent (13;4)-arcs other than the identity group are the following:
Z6, Z2, S4.





(2) The group Z6 splits the set O20 into 4 orbits of sizes 2,6,2,3 as follows:
Orb(O20) = {1,2},{3,106,88,7,17,39},{9,21},{35,92,91}.
(3) The group S4 divides the set O28 into 3 orbits of sizes 6,3,4 as follows:
Orb(O28) = {1,3,35,135,88,182},{2,9,53},{56,90,140,134}.
2.10 sd-inequivalent (14;4)-arcs
In this process, the number of sd-inequivalent (14;4)-arcs is 133. The values of ti of the secant distributions
{t4, t3, t2, t1, t0} of the sd-inequivalent (14;4)-arcs are as follows:
t4 ∈ {1, . . . ,10}, t3 ∈ {0, . . . ,22}, t2 ∈ {13, . . . ,64}, t1 ∈ {43, . . . ,112}, t0 ∈ {42, . . . ,68}.
The statistics of sd-inequivalent (14;4)-arcs are given in Table 2.16.
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Theorem 2.10. In PG(2;13), there are at least 133 sd-inequivalent (14;4)-arcs.
Remark
The groups of the 133 sd-inequivalent (14;4)-arcs other than the identity group are Z2, Z4 ,Z6. These
groups partition their associated (14;4)-arcs into a number of orbits as follows:
(1) Orb(P32) = {1},{2,9},{3,135},{22,151},{31,45},{35,88},{55},{56},{182};
(2) Orb(P35) = {1},{2,9},{3,135},{22,151},{31,45},{35,88},{53},{56},{182};
(3) Orb(P27) = {1,20,2,146},{3,88,106,7},{9,39,21,17},{35,91};
(4) Orb(P28) = {1,2},{3,106,88,7,17,39},{9,21},{35,92,91},{68}.
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2.11 sd-inequivalent (15;4)-arcs
There are 170 sd-inequivalent (15;4)-arcs. The statistics of the groups of sd-inequivalent (15;4)-arcs
shows that there are three types of the stabiliser groups; they are I,Z2,Z3. Also, the values of ti of the
secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (15;4)-arcs are as follows:
t4 ∈ {1, . . . ,12}, t3 ∈ {0, . . . ,26}, t2 ∈ {12, . . . ,69}, t1 ∈ {38, . . . ,114}, t0 ∈ {36, . . . ,65}.
Theorem 2.11. In PG(2,13), there are at least 170 sd-inequivalent (15;4)-arcs.
Remark
Among the stabiliser groups of the 170 sd-inequivalent (15;4)-arcs, there are six sd-inequivalent (15;4)-
arcs having the groups Z2 and Z3. These groups split their corresponding sd-inequivalent (15;4)-arcs into
a number of orbits listed in Table 2.17.
Table 2.17: Group orbits of the six sd-inequivalent (15;4)-arcs
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2.12 sd-inequivalent (16;4)-arcs
In this process, among the 19780 (16;4)-arcs, the number of sd-inequivalent (16;4)-arcs is 213. The
stabiliser groups of the 213 sd-inequivalent (16;4)-arcs are I,Z2, Z3, Z4. The values of ti of the secant
distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (16;4)-arcs are as follows:
t4 ∈ {1, . . . ,15}, t3 ∈ {0, . . . ,30}, t2 ∈ {12, . . . ,75}, t1 ∈ {34, . . . ,116}, t0 ∈ {30, . . . ,62}.
Theorem 2.12. In PG(2,13), there are at least 213 sd-inequivalent (16;4)-arcs.
Remark
Among the 213 sd-inequivalent (16;4)-arcs, there are only five sd-inequivalent (16;4)-arcs with the stabil-
iser groups Z2,Z3,Z4. These stabilisers partition the associated sd-inequivalent (16;4)-arcs into a number
of orbits listed in Table 2.18.
Table 2.18: Group orbits of the five sd-inequivalent (16;4)-arcs
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2.13 sd-inequivalent (17;4)-arcs
In this process, there are 256 sd-inequivalent (17;4)-arcs. The groups of these sd-inequivalent (17;4)-
arcs are the identity group and Z2. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-
inequivalent (17;4)-arcs are as follows:
t4 ∈ {1, . . . ,16}, t3 ∈ {1, . . . ,34}, t2 ∈ {16, . . . ,79}, t1 ∈ {30, . . . ,112}, t0 ∈ {28, . . . ,59}.
Theorem 2.13. In PG(2,13), there are at least 256 sd-inequivalent (17;4)-arcs.
Remark
In Table 2.19, the group Z2 splits the four corresponding sd-inequivalent (17;4)-arcs into a number of
orbits.
Table 2.19: Group orbits of the four sd-inequivalent (17;4)-arcs
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2.14 sd-inequivalent (18;4)-arcs
In this process, there are 25677 (18;4)-arcs found including 293 sd-inequivalent (18;4)-arcs each having
the identity group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (18;4)-
arcs are as follows:
t4 ∈ {1, . . . ,18}, t3 ∈ {1, . . . ,39}, t2 ∈ {18, . . . ,81}, t1 ∈ {27, . . . ,110}, t0 ∈ {24, . . . ,56}.
Remark
The notation S in Table 2.20 indicates the stabilisers of sd-inequivalent (18;4)-arcs while n indicates the
number of these stabilisers and similarly in each table for k = 19, . . . ,37.
Table 2.20: Statistics of sd-inequivalent (18;4)-arcs
sd-inequivalent (18;4)-arcs S : n
293 I : 293
Theorem 2.14. In PG(2,13), there are at least 293 sd-inequivalent (18;4)-arcs.
2.15 sd-inequivalent (19;4)-arcs
In this process, among the 27370 arcs found, there are 338 sd-inequivalent (19;4)-arcs each having the
identity group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (19;4)-
arcs are as follows:
t4 ∈ {1, . . . ,20}, t3 ∈ {2, . . . ,45}, t2 ∈ {18, . . . ,81}, t1 ∈ {23, . . . ,107}, t0 ∈ {21, . . . ,54}.
Table 2.21: Statistics of sd-inequivalent (19;4)-arcs
sd-inequivalent (19;4)-arcs S : n
338 I : 338
Theorem 2.15. In PG(2,13), there are at least 338 sd-inequivalent (19;4)-arcs.
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2.16 sd-inequivalent (20;4)-arcs
There are 28908 (20;4)-arcs found. Among them the number of sd-inequivalent (20;4)-arcs is 378 each
having the identity group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent
(20;4)-arcs are as follows:
t4 ∈ {1, . . . ,22}, t3 ∈ {3, . . . ,50}, t2 ∈ {19, . . . ,85}, t1 ∈ {20, . . . ,104}, t0 ∈ {18, . . . ,52}.
Table 2.22: Statistics of sd-inequivalent (20;4)-arcs
sd-inequivalent (20;4)-arcs S : n
378 I : 378
Theorem 2.16. In PG(2,13), there are at least 378 sd-inequivalent (20;4)-arcs.
2.17 sd-inequivalent (21;4)-arcs
In this process, there are 28973 (21;4)-arcs found. Among them there are 411 sd-inequivalent (21;4)-arcs
according to the number of sd-inequivalent classes of i-secant distribution. The values of ti of these classes
of {t4, t3, t2, t1, t0} are as follows:
t4 ∈ {1, . . . ,24}, t3 ∈ {6, . . . ,55}, t2 ∈ {18, . . . ,87}, t1 ∈ {16, . . . ,101}, t0 ∈ {16, . . . ,50}.
Table 2.23: Statistics of sd-inequivalent (21;4)-arcs
sd-inequivalent (21;4)-arcs S : n
411 I : 411
Theorem 2.17. In PG(2,13), there are at least 411 sd-inequivalent (21;4)-arcs.
2.18 sd-inequivalent (22;4)-arcs
In this process, there are 27587 (22;4)-arcs found including 436 sd-inequivalent (22;4)-arcs all having the
identity group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (22;4)-arcs
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are as follows:
t4 ∈ {2, . . . ,27}, t3 ∈ {7, . . . ,58}, t2 ∈ {18, . . . ,87}, t1 ∈ {15, . . . ,97}, t0 ∈ {14, . . . ,47}.
Table 2.24: Statistics of sd-inequivalent (22;4)-arcs
sd-inequivalent (22;4)-arcs S : n
436 I : 436
Theorem 2.18. In PG(2,13), there are at least 436 sd-inequivalent (22;4)-arcs.
2.19 sd-inequivalent (23;4)-arcs
In this process, the number of sd-inequivalent classes of i-secant distributions of the 24708 (23;4)-arcs
found is 455. So the number of sd-inequivalent (23;4)-arcs is 455 where 454 of them have the identity
group and one arc has the group Z2. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the
sd-inequivalent (23;4)-arcs are as follows:
t4 ∈ {3, . . . ,30}, t3 ∈ {8, . . . ,64}, t2 ∈ {19, . . . ,85}, t1 ∈ {13, . . . ,94}, t0 ∈ {12, . . . ,46}.
Table 2.25: Statistics of sd-inequivalent (23;4)-arcs
sd-inequivalent (23;4)-arcs S : n
455 I : 454, Z2 : 1
Theorem 2.19. In PG(2,13), there are at least 455 sd-inequivalent (23;4)-arcs.
Remark
In Table 2.25, the group Z2 partitions the associated sd-inequivalent (23;4)-arcK into 13 orbits as follows:
K = {1,2,3,88,9,21,5,15,33,55,44,8,18,46,50,124,31,80,96,164,169,28,101}.
Orb(K ) = {1,96},{2,28},{3,164},{5,88},{8,21},{9},{15,50},{18,101},{31},
{33,124},{44,169},{46},{55,80}.
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2.20 sd-inequivalent (24;4)-arcs
In this process, there are four complete (24;4)-arcs and 458 sd-inequivalent (24;4)-arcs all have the iden-
tity group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (24;4)-arcs are
as follows:
t4 ∈ {5, . . . ,33}, t3 ∈ {8, . . . ,69}, t2 ∈ {18, . . . ,84}, t1 ∈ {8, . . . ,90}, t0 ∈ {11, . . . ,45}.
The statistics are given in Table 2.26.
Table 2.26: Statistics of sd-inequivalent (24;4)-arcs
sd-inequivalent (24;4)-arcs S : n
458 I : 458
Theorem 2.20. In PG(2,13), there are at least 458 sd-inequivalent (24;4)-arcs.
2.21 sd-inequivalent (25;4)-arcs
Among the number of incomplete (25;4)-arcs found, there are 467 sd-inequivalent (25;4)-arcs all have the
identity group. Also, the number of complete (25;4)-arcs is four. The values of ti of the secant distributions
{t4, t3, t2, t1, t0} of the sd-inequivalent (25;4)-arcs are as follows:
t4 ∈ {7, . . . ,36}, t3 ∈ {11, . . . ,75}, t2 ∈ {18, . . . ,84}, t1 ∈ {7, . . . ,86}, t0 ∈ {10, . . . ,43}.
The statistics are shown in Table 2.27.
Table 2.27: Statistics of sd-inequivalent (25;4)-arcs
sd-inequivalent (25;4)-arcs S : n
467 I : 467
Theorem 2.21. In PG(2,13), there are at least 467 sd-inequivalent (25;4)-arcs.
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2.22 sd-inequivalent (26;4)-arcs
According to the number of sd-inequivalent classes of the incomplete (26;4)-arcs found, there are 447
sd-inequivalent (26;4)-arcs all having the identity group and Z2; also the number of complete (26;4)-arcs
is 15. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (26;4)-arcs are as
follows:
t4 ∈ {10, . . . ,40}, t3 ∈ {12, . . . ,77}, t2 ∈ {16, . . . ,82}, t1 ∈ {7, . . . ,81}, t0 ∈ {10, . . . ,41}.
The statistics are shown in Table 2.28.
Table 2.28: Statistics of sd-inequivalent (26;4)-arcs
sd-inequivalent (26;4)-arcs S : n
447 I : 446, Z2 : 1
Theorem 2.22. In PG(2,13), there are at least 447 sd-inequivalent (26;4)-arcs.
Remark
In Table 2.28, the group Z2 splits the associated sd-inequivalent (26;4)-arcK into 15 orbits as the follow-
ing:
K = {1,2,3,88,9,21,5,15,33,55,44,8,18,46,50,124,31,80,96,164,169,28,101,24,93,66}.
Orb(K ) = {1,96},{2,28},{3,164},{5,88},{8,21},{9},{15,50},{18,101},
{24,66},{31},{33,124},{44,169},{46},{55,80},{93}.
2.23 sd-inequivalent (27;4)-arcs
In this process, there are 43 complete (27;4)-arcs and according to the number Nc of secant distribution
of incomplete (27;4)-arcs found, there are 403 sd-inequivalent arcs. These 403 arcs all have the identity
group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (27;4)-arcs are as
follows:
t4 ∈ {13, . . . ,43}, t3 ∈ {16, . . . ,79}, t2 ∈ {18, . . . ,78}, t1 ∈ {7, . . . ,76}, t0 ∈ {10, . . . ,40}.
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Table 2.29, presents the related statistics.
Table 2.29: Statistics of sd-inequivalent (27;4)-arcs
sd-inequivalent (27;4)-arcs S : n
403 I : 403
Theorem 2.23. In PG(2,13), there are at least 403 sd-inequivalent (27;4)-arcs.
2.24 sd-inequivalent (28;4)-arcs
There are 367 sd-inequivalent (28;4)-arcs all have the identity group. Also, there are 44 complete (28;4)-
arcs. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (28;4)-arcs are as
follows:
t4 ∈ {17, . . . ,45}, t3 ∈ {18, . . . ,81}, t2 ∈ {15, . . . ,72}, t1 ∈ {6, . . . ,71}, t0 ∈ {10, . . . ,39}.
The related statistics are given in Table 2.30.
Table 2.30: Statistics of sd-inequivalent (28;4)-arcs
sd-inequivalent (28;4)-arcs S : n
367 I : 367
Theorem 2.24. In PG(2,13), there are at least 367 sd-inequivalent (28;4)-arcs.
2.25 sd-inequivalent (29;4)-arcs
In this process, the number of sd-inequivalent (29;4)-arcs is 301. Also, there are 100 complete arcs. The
stabiliser groups of the 301 sd-inequivalent (29;4)-arcs are the identity. The following are the values of ti
of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (29;4)-arcs.
t4 ∈ {21, . . . ,48}, t3 ∈ {23, . . . ,83}, t2 ∈ {13, . . . ,67}, t1 ∈ {6, . . . ,64}, t0 ∈ {11, . . . ,38}.
The related statistics are given in Table 2.31.
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Table 2.31: Statistics of sd-inequivalent (29;4)-arcs
sd-inequivalent (29;4)-arcs S : n
301 I : 301
Theorem 2.25. In PG(2,13), there are at least 301 sd-inequivalent (29;4)-arcs.
2.26 sd-inequivalent (30;4)-arcs
The number of complete (30;4)-arcs is 133 and the number of sd-inequivalent (30;4)-arcs is 226 all have
the identity group. The following are the values of ti of the secant distributions {t4, t3, t2, t1, t0} of the
sd-inequivalent (30;4)-arcs.
t4 ∈ {25, . . . ,50}, t3 ∈ {29, . . . ,86}, t2 ∈ {15, . . . ,63}, t1 ∈ {4, . . . ,58}, t0 ∈ {13, . . . ,38}.
The data are given in Table 2.32.
Table 2.32: Statistics of sd-inequivalent (30;4)-arcs
sd-inequivalent (30;4)-arcs S : n
226 I : 226
Theorem 2.26. In PG(2,13), there are at least 226 sd-inequivalent (30;4)-arcs.
2.27 sd-inequivalent (31;4)-arcs
There are 775 incomplete (31;4)-arcs containing 165 sd-inequivalent (31;4)-arcs each having the identity
group. Also, the number of complete (31;4)-arcs is 123. The following are the values of ti of the secant
distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (31;4)-arcs.
t4 ∈ {29, . . . ,53}, t3 ∈ {29, . . . ,90}, t2 ∈ {15, . . . ,60}, t1 ∈ {5, . . . ,53}, t0 ∈ {14, . . . ,37}.
The related statistics are introduced in Table 2.33.
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Table 2.33: Statistics of sd-inequivalent (31;4)-arcs
sd-inequivalent (31;4)-arcs S : n
165 I : 165
Theorem 2.27. In PG(2,13), there are at least 165 sd-inequivalent (31;4)-arcs.
2.28 sd-inequivalent (32;4)-arcs
In this process, the number of incomplete and complete (32;4)-arcs is 319 and 119 respectively. Among
the 319 incomplete arcs there are 89 sd-inequivalent (32;4)-arcs each having the identity group. The values
of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (32;4)-arcs are as follows:
t4 ∈ {37, . . . ,55}, t3 ∈ {41, . . . ,85}, t2 ∈ {16, . . . ,49}, t1 ∈ {4, . . . ,42}, t0 ∈ {18, . . . ,35}.
The statistics are given in Table 2.34.
Table 2.34: Statistics of sd-inequivalent (32;4)-arcs
sd-inequivalent (32;4)-arcs S : n
89 I : 89
Theorem 2.28. In PG(2,13), there are at least 89 sd-inequivalent (32;4)-arcs.
2.29 sd-inequivalent (33;4)-arcs
In this process, the constructed number of incomplete (33;4)-arcs is 129 including 36 sd-inequivalent
(33;4)-arcs. Also, there are 77 complete (33;4)-arcs. The stabiliser group of each of the 36 arcs is the
identity group. The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (33;4)-arcs
are as follows:
t4 ∈ {45, . . . ,58}, t3 ∈ {46, . . .80}, t2 ∈ {18, . . .42}, t1 ∈ {4, . . .21}, t0 ∈ {25, . . .34}.
The statistics of this process are given in Table 2.35.
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Table 2.35: Statistics of sd-inequivalent (33;4)-arcs
sd-inequivalent (33;4)-arcs S : n
36 I : 36
Theorem 2.29. In PG(2,13), there are at least 36 sd-inequivalent (33;4)-arcs.
2.30 sd-inequivalent (34;4)-arcs
In this process, there are 77 incomplete (34;4)-arcs and 24 complete (34;4)-arcs. In addition, there are
22 sd-inequivalent (34;4)-arcs all having the identity group. The values of ti of the secant distributions
{t4, t3, t2, t1, t0} of the sd-inequivalent (34;4)-arcs are as follows:
t4 ∈ {54, . . . ,65}, t3 ∈ {47, . . . ,74}, t2 ∈ {15, . . . ,30}, t1 ∈ {7, . . . ,21}, t0 ∈ {24, . . . ,32}.
The related statistics are given in Table 2.36.
Table 2.36: Statistics of sd-inequivalent (34;4)-arcs
sd-inequivalent (34;4)-arcs S : n
22 I : 22
Theorem 2.30. In PG(2,13), there are at least 22 sd-inequivalent (34;4)-arcs.
2.31 sd-inequivalent (35;4)-arcs
In this process, there are 40 incomplete (35;4)-arcs including eight sd-inequivalent (35;4)-arcs and 20
complete arcs. The stabilisers of the eight sd-inequivalent (35;4)-arcs are the identity group and Z2. In
addition, The values of ti of the secant distributions {t4, t3, t2, t1, t0} of the sd-inequivalent (35;4)-arcs are
as follows:
t4 ∈ {71, . . . ,73}, t3 ∈ {43, . . . ,50}, t2 ∈ {19, . . . ,28}, t1 ∈ {13, . . . ,20}, t0 ∈ {24, . . . ,26}.
The statistics are given in Table 2.37.
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Table 2.37: Statistics of sd-inequivalent (35;4)-arcs
sd-inequivalent (35;4)-arcs S : n
8 I : 7, Z2 : 1
Theorem 2.31. In PG(2,13), there are at least eight sd-inequivalent (35;4)-arcs.
Remark
In Table 2.37, the group Z2 divides the associated sd-inequivalent (35;4)-arcK into 18 orbits as follows:
K = {1,2,3,88,22,145,12,16,20,31,33,38,39,40,44,46,50,54,57,70,82,94,98,101,102,106,109,123,




This process reveals 24 incomplete arcs; among them there are six sd-inequivalent (36;4)-arcs. The stabil-
isers of these arcs are the identity group and Z2 as shown in Table 2.39. The statistics of the sd-inequivalent
classes of i-secant distributions of the sd-inequivalent (36;4)-arcs are given in Table 2.38.
Table 2.38: Nc of {t4, t3, t2, t1, t0}
Number Nc
1 { 80, 44, 18, 16, 25 }
2 { 81, 40, 24, 12, 26}
3 { 81, 41, 21, 15, 25 }
4 { 81, 42, 18, 18, 24 }
5 { 82, 38, 24, 14, 25 }
6 { 82, 39, 21, 17, 24 }
Table 2.39: Statistics of sd-inequivalent (36;4)-arcs
sd-inequivalent (36;4)-arcs S : n
6 I : 3, Z2 : 3
Theorem 2.32. In PG(2,13), there are at least six sd-inequivalent (36;4)-arcs.
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Remark
In Table 2.39, the six sd-inequivalent (36;4)-arcs have two types of stabiliser groups, the identity group
that splits the associated sd-inequivalent (36;4)-arcs into 1-point orbits and the group Z2 that partitions the
associated arcs into a number of orbits as below.
















In this process, the number of sd-inequivalent (37;4)-arcs is three as given in Table 2.40. The stabilisers
of these arcs are the group Z2. The statistics of Nc are given as follows:
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{91,33,21,13,25},{92,31,21,15,24},{91,34,18,16,24}.
Table 2.40: Statistics of sd-inequivalent (37;4)-arcs
sd-inequivalent (37;4)-arcs S : n
3 Z2 : 3
Theorem 2.33. In PG(2,13), there are at least three sd-inequivalent (37;4)-arcs.
Remark
In Table 2.40, the three sd-inequivalent (37;4)-arcs have the group Z2 that splits the associated arc into a
number of orbits as follows:










(3) K3 = {1,2,3,88,22,145,12,16,20,31,33,38,39,40,44,46,50,54,57,70,82,94,98,101,102,106,109,
123,130,141,148,158,175,164,166,152,168}.





In this process, the number of (38;4)-arcs is three. These arcs are complete (38;4)-arcs having sd-
equivalent classes of i-secant distributions {t4, t3, t2, t1, t0}. Also, the stabiliser group of these complete
(38;4)-arcs is the dihedral group, D12. Therefore, the three complete (38;4)-arcs have equivalent proper-
ties for the stabiliser and the type of the i-secant distribution. The number of sd-inequivalent (38;4)-arcs
in PG(2,13) is one, as shown in Table 2.42. The statistics of the three complete (38;4)-arcs are given in
Table 2.41.
Table 2.41: Complete (38;4)-arcs in PG(2,13)
Symbol Complete (38;4)-arc Stabiliser {t4, t3, t2, t1, t0}
Z1 {1,2,3,88,22,145,12,16,20,31,33,38,39,40,44, D12 {102,24,19,14,24}
46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123,
130,141,148,158,175,164,154,168,152,166}
Z2 {1,2,3,88,22,145,12,16,20,31,33,38,39,40,44, D12 {102,24,19,14,24}
46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123,
130,141,158,164,175,154,152,166,148,168}
Z3 {1,2,3,88,22,145,12,16,20,31,33,38,39,40,44, D12 {102,24,19,14,24}
46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123,
130,141,148,158,175,164,166,152,168,154}
Table 2.42: The sd-inequivalent complete (38;4)-arc in PG(2,13)
(38;4)-arcs sd-inequivalent (38;4)-arc Stabiliser sd-equivalent class {t4, t3, t2, t1, t0}
3 1 D12 {102,24,19,14,24}
Theorem 2.34. In PG(2,13), there is at least one sd-inequivalent complete (38;4)-arc.
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Remark
From Table 2.42, the dihedral group partitions the associated sd-inequivalent complete (38;4)-arc into 4
orbits of sizes 2, 12,12,12 as follows:
Z1 = {1,2,3,88,22,145,12,16,20,31,33,38,39,40,44,46,50,54,57,70,82,94,98,101,102,106, 109, 123,





2.35 Linear codes from (k;4)-arcs
There is a connection between a (k;n)-arc in the projective plane, PG(2,q) and a linear code. From
Chapter 1, Section 1.6, a (k;n)-arc K in PG(2,q) is a set of k points with no n+1 of them collinear but
some n collinear. Also, from Section 1.8.2, a linear [n,k,d]-code C over the finite field Fq is a subspace of
dimension k of the n-dimensional vector space V (n,q) = Fnq. The parameters n,k, and d of C are called the
length, dimension, and minimum distance of C. The minimum distance is defined as the following:
d(C) = min{d(c1,c2) | c1,c2 ∈C,c1 6= c2}.
In general, an [n,k,d]q -code can be looked at in the projective space PG(k−1,q) of dimension k−1 as a
set S of n points in PG(k−1,q) where the coordinates of the points are the columns of a k×n generator
matrix G of C.
In PG(2,13), a (k;4)-arc is a set of k points no 5 points collinear and then a line contains at most k− d
points. Hence a (k;4)-arc gives a linear [n,3,n−4]13-code of distance d = n−4.
Table 2.43 introduces the parameters n,k,d and e (errors corrected) via their values as below:
n = 6,7,8,9, . . . ,38, k = 3, d = n−4, and e = b(d−1)c/2 .
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Table 2.43: [n,k,d]13-codes in PG(2,13)
Arc size [n,k,d]13-code e Arc size [n,k,d]13-code e
6 [6,3,2]13 0 7 [7,3,3]13 1
8 [8,3,4]13 1 9 [9,3,5]13 2
10 [10,3,6]13 2 11 [11,3,7]13 3
12 [12,3,8]13 3 13 [13,3,9]13 4
14 [14,3,10]13 4 15 [15,3,11]13 5
16 [16,3,12]13 5 17 [17,3,13]13 6
18 [18,3,14]13 6 19 [19,3,15]13 7
20 [20,3,16]13 7 21 [21,3,17]13 8
22 [22,3,18]13 8 23 [23,3,19]13 9
24 [24,3,20]13 9 25 [25,3,21]13 10
26 [26,3,22]13 10 27 [27,3,23]13 11
28 [28,3,24]13 11 29 [29,3,25]13 12
30 [30,3,26]13 12 31 [31,3,27]13 13
32 [32,3,28]13 13 33 [33,3,29]13 14
34 [34,3,30]13 14 35 [35,3,31]13 15
36 [36,3,32]13 15 37 [37,3,33]13 16
38 [38,3,34]13 16
Remark
In Table 2.44, the timings in milliseconds of (k;4)-arcs for k = 7, . . . ,38 in PG(2,13) are given according
to the construction of (k;4)-arcs, the i-secant distributions of (k;4)-arcs, and the stabilisers of the sd-
inequivalent (k;4)-arcs. The same is done in Table 2.58.
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Table 2.44: Timing (msec) of (k;4)-arcs for k = 7, . . . ,38
(k;4)-arcs Construction {t4, t3, t2, t1, t0} Stabilisers
(7;4)-arcs 2791 2787 2357
(8;4)-arcs 2344 2720 2303
(9;4)-arcs 2512 3003 2001
(10;4)-arcs 3205 3947 2819
(11;4)-arcs 4011 5258 3177
(12;4)-arcs 6389 7618 3950
(13;4)-arcs 8076 9629 4379
(14;4)-arcs 9636 13058 5660
(15;4)-arcs 12236 16058 29491
(16;4)-arcs 15945 20160 36968
(17;4)-arcs 16349 22956 53584
(18;4)-arcs 22071 25672 65548
(19;4)-arcs 25695 32794 92126
(20;4)-arcs 26627 34477 902330
(21;4)-arcs 27282 37594 90583
(22;4)-arcs 27892 31880 94274
(23;4)-arcs 24339 31393 82778
(24;4)-arcs 19469 31304 71014
(25;4)-arcs 15774 26615 74222
(26;4)-arcs 12626 22321 77038
(27;4)-arcs 7987 16538 75816
(28;4)-arcs 5819 12337 76610
(29;4)-arcs 4243 8084 60667
(30;4)-arcs 3253 4762 44944
(31;4)-arcs 2756 3231 31684
(32;4)-arcs 2507 2424 18548
(33;4)-arcs 2077 3508 9609
(34;4)-arcs 2101 2159 7056
(35;4)-arcs 2135 1999 3501
(36;4)-arcs 1970 2023 3916
(37;4)-arcs 2181 1948 2413
(38;4)-arcs 2088 1921 2062
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2.36 The classification of certain (k;4)-arcs up to projective
equivalence, for k = 34,35,36,37,38 in PG(2,13)
Introduction
Throughout this section, the classification of certain (k;4)-arcs in PG(2,13) is established up to projective
inequivalence for k = 34,35,36,37,38. Here, all the points from the plane which are not incident with any
4-secant are added to each projectively inequivalent (k;4)-arc to construct the sets of (k+1;4)-arcs. The
isomorphisms between the sets of incomplete (k;4)-arcs are tested according to the lexicographically least
sets in the G-orbits of incomplete (k;4)-arcs in each process.
2.36.1 Projectively inequivalent (34;4)-arcs
From Section 2.30, there are 77 incomplete (34;4)-arcs. These arcs are constructed from the number of
sd-inequivalent (33;4)-arcs that given in Section 2.29. The lexicographically least sets in the G-orbits of
the 77 incomplete (34;4)-arcs show that there are 51 incomplete (34;4)-arcs are projectively inequivalent.
Also, the stabilisers of these arcs are the identity groups. The statistics of this construction are given in
Table 2.45 and Table 2.46.






















































Chapter 2. The classification of certain (k;4)-arcs in PG(2,13) 73
Table 2.46: Statistics of projectively inequivalent (34;4)-arcs in PG(2,13)
Number of incomplete (34;4)-arcs Projectively inequivalent (34;4)-arcs S : n
77 51 I : 51
Theorem 2.35. In PG(2,13), there are at least 51 projectively inequivalent (34;4)-arcs.
2.36.2 Projectively inequivalent (35;4)-arcs
In this process, for each projectively inequivalent (34;4)-arc given in Table 2.45, all the points from the
plane which are not on any 4-secant are added separately to establish the (35;4)-arcs. Here, there are 116
incomplete (35;4)-arcs and 33 complete (35;4)-arcs. Among the 116 incomplete (35;4)-arcs, the number
of the projectively inequivalent (35;4)-arcs is 38. The stabilisers of the 38 projectively inequivalent (35;4)-
arcs are the identity group and Z2. The statistics of this construction are given in Table 2.47 and Table 2.48.









































Table 2.48: Statistics of projectively inequivalent (35;4)-arcs in PG(2,13)
Number of incomplete (35;4)-arcs Projectively inequivalent (35;4)-arcs S : n
116 38 I : 36, Z2 : 2
Theorem 2.36. In PG(2,13), there are at least 38 projectively inequivalent (35;4)-arcs.
Remark
The identity groups of the projectively inequivalent (35;4)-arcs partition the associated projectively in-
equivalent (35;4)-arcs into 35 orbits of length 1. Also, the groups Z2 split the corresponding projectively
inequivalent (35;4)-arcs into a number of orbits of sizes 1 and 2.
2.36.3 Projectively inequivalent (36;4)-arcs
In this process, the number of incomplete (36;4)-arcs that have been established is 114. Among these
arcs there are 23 projectively inequivalent (36;4)-arcs. The stabilisers of the 23 projectively inequivalent
(36;4)-arcs are the identity group, Z2, Z2×Z2. The statistics of this construction are given in Table 2.49
and Table 2.50.
Chapter 2. The classification of certain (k;4)-arcs in PG(2,13) 75

























Table 2.50: Statistics of projectively inequivalent (36;4)-arcs in PG(2,13)
Number of incomplete (36;4)-arcs Projectively inequivalent (36;4)-arcs S : n
114 23 I : 14, Z2 : 8, Z2×Z2 : 1
Theorem 2.37. In PG(2,13), there are at least 23 projectively inequivalent (36;4)-arcs.
2.36.4 Projectively inequivalent (37;4)-arcs
In this process, the number of incomplete (37;4)-arcs is 46. Among the 46 incomplete (37;4)-arcs, there
are three projectively inequivalent (37;4)-arcs. The stabiliser groups of the three projectively inequivalent
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(37;4)-arcs are Z2. The analytic statistics are given in the following tables.
Table 2.51: Projectively inequivalent (37;4)-arcs
Number (37;4)-arc
1 { 1, 2, 3, 88, 22, 145, 12, 16, 20, 31, 33, 38, 39, 40, 44, 46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123, 130, 141, 158, 164, 175, 152, 168, 154, 166 }
2 { 1, 2, 3, 88, 22, 145, 12, 16, 20, 31, 33, 38, 39, 40, 44, 46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123, 130, 141, 158, 164, 175, 152, 168, 154, 148 }
3 { 1, 2, 3, 88, 22, 145, 12, 16, 20, 31, 33, 38, 39, 40, 44, 46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123, 130, 141, 148, 158, 175, 152, 154, 166, 168 }
Table 2.52: Statistics of projectively inequivalent (37;4)-arcs in PG(2,13)
Number of incomplete (37;4)-arcs Projectively inequivalent (37;4)-arcs S : n
46 3 Z2 : 3
Theorem 2.38. In PG(2,13), there are at least three projectively inequivalent (37;4)-arcs.
2.36.5 Projectively inequivalent (38;4)-arcs
In Table 2.51, there are three projectively inequivalent (37;4)-arcs. So, all the points from the plane which
do not lie on any 4-secant are added to each projectively inequivalent (37;4)-arc. Therefore, the number
of (38;4)-arcs is three. The three (38;4)-arcs are complete and they are projectively equivalent. So there
exists one projectively inequivalent (38;4)-arc having dihedral group, D12. The analytic statistics of this
process are given in Table 2.53.
Table 2.53: The complete (38;4)-arcs in PG(2,13)
Number complete (38;4)-arc Stabiliser
1 {1, 2, 3, 88, 22, 145, 12, 16, 20, 31, 33, 38, 39, 40, 44, 46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123, 130, 141, 158, 164, 175, 152, 168, 154, 166, 148 } D12
2 {1, 2, 3, 88, 22, 145, 12, 16, 20, 31, 33, 38, 39, 40, 44, 46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123, 130, 141, 158, 164, 175, 152, 168, 154, 148, 166} D12
3 {1, 2, 3, 88, 22, 145, 12, 16, 20, 31, 33, 38, 39, 40, 44, 46, 50, 54, 57, 70, 82, 94, 98, 101, 102, 106, 109, 123, 130, 141, 148, 158, 175, 152, 154, 166, 168, 164} D12
Theorem 2.39. In PG(2,13), there is at least one projectively inequivalent (38;4)-arc.
Remark
In Table 2.54, the timings of the classification of projectively inequivalent (k;4)-arcs for k= 34,35,36,37,38
are given.
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Table 2.54: Timing (msec) of the projectively inequivalent (k;4)-arcs for k = 34, . . . ,38
(k;4)-arcs Construction Canonical sets of (k;4)-arcs Stabilisers
(34;4)-arcs 2101 253575 20776
(35;4)-arcs 3458 632505 12257
(36;4)-arcs 3183 624960 6978
(37;4)-arcs 1877 170180 2310
(38;4)-arcs 1742 4086 1930
2.37 New size of complete (k;4)-arc from different choice of
five sd-inequivalent (7;4)-arcs in PG(2,13)
Introduction
In this section, a different choice of five sd-inequivalent (7;4)-arcs which have sd-inequivalent classes of
i-secant distributions is made. These classes are introduced in Section 2.3, Table 2.4, where there are five
sd-inequivalent classes of i-secant distributions. So, the approach introduced in Section 2.3 is re-iterated
with these new sd-inequivalent (7;4)-arcs. The purpose of this choice is to investigate whether there
exists a new size of complete (k;4)-arc for k > 38. The result of this process of sd-inequivalent (k;4)-arcs
through this choice showed that there is no complete (k;4)-arc for k> 38. However, a new size of complete
(k;4)-arc in PG(2,13) has been discovered. This size is k = 36 which is the largest complete (k;4)-arc
established in this process. Since the approach of this process has followed the same method in Section
2.3. The results are summarized in three tables, where the different choice of the five sd-inequivalent
(7;4)-arcs which have sd-inequivalent classes of i-secant distributions is given in Table 2.55. The statistics
of sd-inequivalent (k;4)-arcs for k = 8, . . . ,36 are given in Table 2.56. Also, the statistics of the complete
(36;4)-arc are given in Table 2.57.
Table 2.55: The different choice of the five sd-inequivalent (7;4)-arcs
Symbol (7;4)-arc Stabiliser {t4, t3, t2, t1, t0}
C1 {1,2,3,88,17,182,132} I {1,2,9,70,101}
C2 {1,2,3,88,9,115,159} I {1,0,15,64,103}
C3 {1,2,3,88,9,89,8} I {1,1,12,67,102}
C4 {1,2,3,88,22,183,181} Z2 {2,0,9,72,100}
C5 {1,2,3,88,9,182,183} Z2 {1,3,6,73,100}
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Table 2.56: Statistics of sd-inequivalent (k;4)-arcs
(k;4)-arcs sd-inequivalent (k;4)-arcs Stabilisers
(8;4)-arcs 11 I : 8,Z2 : 1,Z3 : 1,D4 : 1
(9;4)-arcs 21 I : 15,Z2 : 4,Z3 : 1,S4 : 1
(10;4)-arcs 34 I : 30,Z2 : 2,Z2×Z2 : 1,S3 : 1
(11;4)-arcs 52 I : 46,Z2 : 3,Z3 : 1,Z2×Z2 : 1,D4 : 1
(12;4)-arcs 77 I : 70,Z2 : 4,Z2×Z2 : 2,S3 : 1
(13;4)-arcs 103 I : 97,Z2 : 5,S4 : 1
(14;4)-arcs 136 I : 131,Z2 : 5
(15;4)-arcs 175 I : 171,Z2 : 2,S3 : 2
(16;4)-arcs 215 I : 212,Z2 : 3
(17;4)-arcs 255 I : 251,Z2 : 4
(18;4)-arcs 301 I : 292,Z2 : 8,S3 : 1
(19;4)-arcs 345 I : 337,Z2 : 7,Z3 : 1
(20;4)-arcs 387 I : 376,Z2 : 10,D4 : 1
(21;4)-arcs 424 I : 414,Z2 : 10
(22;4)-arcs 458 I : 442,Z2 : 13,Z2×Z2 : 3
(23;4)-arcs 487 I : 472,Z2 : 15
(24;4)-arcs 501 I : 479,Z2 : 19,Z2×Z2 : 1,D4 : 1,S4 : 1
(25;4)-arcs 499 I : 484,Z2 : 14,S3 : 1
(26;4)-arcs 477 I : 464,Z2 : 11,Z2×Z2 : 2
(27;4)-arcs 441 I : 427,Z2 : 12,Z3 : 1,S3 : 1
(28;4)-arcs 401 I : 389,Z2 : 10,Z3 : 1,S4 : 1
(29;4)-arcs 332 I : 327,Z2 : 5
(30;4)-arcs 254 I : 245,Z2 : 7,Z3 : 1,S3 : 1
(31;4)-arcs 155 I : 152,Z2 : 2,Z3 : 1
(32;4)-arcs 75 I : 74,Z2 : 1
(33;4)-arcs 24 I : 23,Z2 : 1
(34;4)-arcs 1 Z2 : 1
(35;4)-arcs 1 I : 1
(36;4)-arcs 1 S3 : 1
Table 2.57: Complete (36;4)-arcK
K Stabiliser {t4, t3, t2, t1, t0}
{1,2,3,88,9,115,159,5,7,55,63,96,67,22,108,148,57,75,35, S3 {78,49,15,15,26}
122,50,121,61,138,157,70,97,24,72,43,84,91,99,155,166,171}
Theorem 2.40. In PG(2,13), there is at least one complete (36;4)-arc.
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Remark




Table 2.58: Timing (msec) of (k;4)-arcs for k = 7, . . . ,36
(k;4)-arcs Construction {t4, t3, t2, t1, t0} Stabilisers
(7;4)-arcs 2791 2787 1886
(8;4)-arcs 2518 2510 1802
(9;4)-arcs 2846 3936 2866
(10;4)-arcs 3567 3902 2118
(11;4)-arcs 4689 4966 2462
(12;4)-arcs 6791 7361 3143
(13;4)-arcs 7678 9012 4159
(14;4)-arcs 12158 11620 5355
(15;4)-arcs 15213 14956 36312
(16;4)-arcs 16535 19729 50555
(17;4)-arcs 20591 24849 65609
(18;4)-arcs 24194 26614 77669
(19;4)-arcs 29959 30694 92199
(20;4)-arcs 37272 31812 101438
(21;4)-arcs 30237 34802 127633
(22;4)-arcs 31914 35913 159671
(23;4)-arcs 26611 32239 146252
(24;4)-arcs 28062 33093 136999
(25;4)-arcs 21255 30525 132499
(26;4)-arcs 16067 24790 127089
(27;4)-arcs 11089 17529 107378
(28;4)-arcs 7684 13643 89743
(29;4)-arcs 5359 7735 74802
(30;4)-arcs 3676 6837 55589
(31;4)-arcs 2733 3306 40820
(32;4)-arcs 2241 2461 15843
(33;4)-arcs 2223 1863 5420
(34;4)-arcs 2335 1660 1727
(35;4)-arcs 2111 1646 1873




In this chapter, the incidence structure of the projectively inequivalent (6;4)-arcs, shown in Chapter 2,
Section 2.2, is discussed. The whole picture of these structures of sd-inequivalent classes of i-secant
distribution of the (6;4)-arcsB6, B7, andB8 is given. In addition, the incidence structure of the orbits of
the groups other than the identity group of sd-inequivalent (k;4)-arcs, for k = 7,8,9,10,11,12,13,14,38,
is given. Here, the geometric configurations of the lines and the points of the orbits of these groups are
described.
3.1 Geometric configuration of the projectively inequivalent
(6;4)-arcs
From Chapter 2, Section 2.2, the projectively inequivalent (6,4)-arcs B1, B2, B3, and B10 all have the
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Also, it partitionsB10 into 5 orbits of sizes 2,1,1,1,1. They are as follows:
Orb(B10) = {1,88},{2},{3},{22},{183}.
The secant distribution of the orbits of the inequivalent (6;4)-arcB1 are {0,0,0,14,169}, {0,0,0,14,169},
{0,0,1,26,156}, {0,0,0,14,169},{0,0,0,14,169} respectively. So, the geometric configuration pictures
of these orbits are single point, single point, two points, single point, and single point. This is the same as
B2 andB3. In contrast, the secant distribution of the orbits ofB10 are {0,0,1,26,156}, {0,0,0,14,169},
{0,0,0,14,169}, {0,0,0,14,169},{0,0,0,14,169}. The geometric pictures of the orbits of B10 are two
points and four single points. Also, the group Z2×Z2 divides the the projectively inequivalent (6,4)-arcs




The secant distribution of the orbits of B4 are {0,0,1,26,156}, {0,0,1,26,156}, {0,0,1,26,156}; for
B5 they are {0,0,0,14,169}, {0,0,1,26,156}, {0,0,1,26,156}, {0,0,0,14,169}. However, the secant
distribution of B9 is the same as B4. So, the geometric picture of the orbits of B4 is two points, two
points, and two points. This is the same asB9. The picture of the orbits ofB5 is single point, two points,
two points, and single point. In addition, the projectively inequivalent (6,4)-arcsB6, B7, andB8 have the
stabiliser groups Z6, Z6, and Z4×Z2. These groups partition the associated arcs into a number of orbits,
where Z6 dividesB6 into 3 orbits of sizes 2,3,1 as follows:
Orb1(B6) = {1,2}, Orb2(B6) = {3,17,88}, Orb3(B6) = {68}.
The secant distribution {t4, t3, t2, t1, t0} of the orbitsOrb1 andOrb2 are {0,0,1,26,156} and {0,1,0,39,143}.
Therefore, the geometric configuration picture of the associated inequivalent (6;4)-arc of each of these or-
bits is two points, three points incident with a unique line, and a single point. Also, the same group splits
the (6;4)-arcB7 into following orbits:
Orb1(B7) = {1,2}, Orb2(B7) = {3,17,88}, Orb3(B7) = {182}.
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This is the same as B6 . However, the group Z4×Z2 divides the associated (6;4)-arc B8 into two orbits
as follows:
Orb1(B8) = {1,88}, Orb2(B8) = {2,22,3,116}.
The values of {t4, t3, t2, t1, t0} of these orbits are {0,0,1,26,156} and {1,0,0,52,130}. These structures
describe the geometric configuration of the associated inequivalent (6;4)-arcB8 as two lines, the first line
with two incident points and the second line with four collinear points. The description given in Table 3.1.
Table 3.1: Geometric configuration of the projectively inequivalent (6;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration















B4 Z2×Z2 {0,0,1,26,156} 2-arc
{0,0,1,26,156} 2-arc
{0,0,1,26,156} 2-arc




B6 Z6 {0,0,1,26,156} 2-arc
{0,1,0,39,143} 3 collinear points
{0,0,0,14,169} point
B7 Z6 {0,0,1,26,156} 2-arc
{0,1,0,39,143} 3 collinear points
{0,0,0,14,169} point
B8 Z4×Z2 {0,0,1,26,156} 2-arc
{1,0,0,52,130} 4 collinear points
B9 Z2×Z2 {0,0,1,26,156} 2-arc
{0,0,1,26,156} 2-arc
{0,0,1,26,156} 2-arc





The whole pictures of the incidence structures of the (6;4)-arcs B6, B7, andB8 are described in Figure
3.1.













Figure 3.1: Incidence structures ofB6, B7, andB8
3.2 Geometric configuration of the sd-inequivalent (7;4)-arc
In Chapter 2, Table 2.5, the sd-inequivalent (7;4)-arc C4 = {1,2,3,88,9,182,12} has dihedral group D4,
which splits C4 into three orbits:
Orb1(C4) = {1,12}, Orb2(C4) = {2,9,88,3}, Orb3(C4) = {182}.
The values of {t4, t3, t2, t1, t0} of the Orb1, Orb2, and Orb3 are the following:
{0,0,1,26,156},{0,0,6,44,133},{0,0,0,14,169}.
Note thatOrb1 is two points. However,Orb2 is a quadrangle whose vertices are the points 2,9,88,3. Also,
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the third orbit is just a single point. The description given in Table 3.2.
Table 3.2: Geometric configuration of the sd-inequivalent (7;4)-arc
Symbol Group {t4, t3, t2, t1, t0} Configuration
C4 D4 {0,0,1,26,156} 2-arc
{0,0,6,44,133} vertices of a quadrangle
{0,0,0,14,169} point
Remark
In Figure 3.2, the geometric pictures of the incidence structures of the orbits Orb1 and Orb2 of the (7;4)-





Figure 3.2: Incidence structure of the orbits Orb1 and Orb2 of C4
3.3 Geometric configuration of sd-inequivalent (8;4)-arcs
In Section 2.4, Table 2.8, the groups, Z2×Z2 and D4 divide the associated sd-inequivalent (8;4)-arcs D9
and D11 into 4 and 3 orbits respectively. The values of {t4, t3, t2, t1, t0} and the geometric configuration of
these orbits are given in Table 3.3.
Table 3.3: Geometric configuration of sd-inequivalent (8;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration




D11 D4 {0,0,1,26,156} 2-arc
{0,0,1,26,156} 2-arc
{0,0,6,44,133} vertices of a quadrangle
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Remark
The geometric pictures of the orbits Orb1 and Orb2 of the (8;4)-arc D9 are given in Figure 3.3. Also, the




Figure 3.3: Incidence structure of the orbits Orb1 and Orb2 of D9
1 182 2 9 135
3 88
35
Figure 3.4: Incidence structure of the orbits Orb1,Orb2, and Orb3 of D11
3.4 Geometric configuration of sd-inequivalent (9;4)-arcs
In Section 2.5, the group Z3 partitions the sd-inequivalent (9;4)-arc E11 into 3 orbits of size 3. Also,
the group S4 splits the arc E13 into two orbits of sizes 6,3. The incidence structures of the orbits of E11
are triangles. In addition, the incidence structure of the two orbits of the group S4 are a quadrilateral
whose vertices belong to the first orbit, and a triangle whose vertices are the second orbit. The geometric
configurations are given in Table 3.4.
Table 3.4: Geometric configuration of sd-inequivalent (9;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration
E11 Z3 {0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
E13 S4 {0,4,3,66,110} a quadrilateral
{0,0,3,36,144} vertices of a triangle
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Remark
In Figure 3.5, the geometric pictures of the incidence structures of the orbits Orb1,Orb2, andOrb3 of E11

















Figure 3.6: Incidence structure of the orbits Orb1 and Orb2 of E13
3.5 Geometric configuration of the sd-inequivalent (10;4)-arc
Table 2.12 in Chapter 2 shows that the large group among the groups of the sd-inequivalent (10;4)-arcs
is the group S3. This group divides the corresponding (10;4)-arc F14 into 4 orbits of sizes 3,3,3,1. The
incidence structure of these orbits are three collinear points, two triangles, and a single point. The descrip-
tion is given in Table 3.5. Also, the geometric pictures of the Orb1,Orb2, and Orb3 are given in Figure
3.7.
Table 3.5: Geometric configuration of the sd-inequivalent (10;4)-arc
Symbol Group {t4, t3, t2, t1, t0} Configuration
F14 S3 {0,1,0,39,143} 3 collinear points
{0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
{0,0,0,14,169} point
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Figure 3.7: Incidence structure of the orbits Orb1,Orb2, and Orb3 ofF14
3.6 Geometric configuration of sd-inequivalent (11;4)-arcs
The dihedral group D4 in Table 2.13 partitions the (11;4)-arc G17 into 4 orbits of sizes 4,4,2,1. Further-
more, the group Z2×Z2 partitions G23 into 6 orbits of sizes 1,2,4,1,2,1. The description of the geometric
configurations are given in Table 3.6. Also, the geometric pictures of these orbits are shown in Figure 3.8
and Figure 3.9.
Table 3.6: Geometric configuration of sd-inequivalent (11;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration
G17 D4 {0,0,6,44,133} vertices of a quadrangle
{0,0,6,44,133} vertices of a quadrangle
{0,0,1,26,156} 2-arc
{0,0,0,14,169} point
G23 Z2×Z2 {0,0,0,14,169} point
{0,0,1,26,156} 2-arc











Figure 3.8: Incidence structure of the orbits Orb1,Orb2, and Orb3 of G17





Figure 3.9: Incidence structure of the orbits Orb2,Orb3, and Orb5 of G23
3.7 Geometric configuration of sd-inequivalent (12;4)-arcs
The sd-inequivalent (12;4)-arcsH25, H26, H28 have the groups Z3, S3, Z2×Z2 respectively. These group
split the corresponding (12;4)-arcs into a number of orbits as shown in Section 2.8. The configurations of
these orbits are described in Table 3.7 and the geometric pictures of the orbits are shown in Figures 3.10,
3.11, and 3.12.
Table 3.7: Geometric configuration of sd-inequivalent (12;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration
H25 Z3 {0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
H26 S3 {0,0,3,36,144} vertices of a triangle
{0,0,3,36,144} vertices of a triangle
{0,1,0,39,143} three collinear points
{0,0,3,36,144} vertices of a triangle
H28 Z2×Z2 {0,0,0,14,169} point
{0,0,1,26,156} 2-arc












Figure 3.10: Incidence structure of the orbits Orb1,Orb2, Orb3, and Orb4 ofH25
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Figure 3.11: Incidence structure of the orbits Orb1,Orb2, Orb3, and Orb4 ofH26
2 9 3
135 101
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Figure 3.12: Incidence structure of the orbits Orb2,Orb3, Orb4, and Orb5 ofH28
3.8 Geometric configuration of sd-inequivalent (13;4)-arcs
In Section 2.9, the groups Z6 and S4 partition the sd-inequivalent (13;4)-arcs O20 and O28 into a number
of orbits. Table 3.8 introduces their geometric configurations. Also, the geometric pictures of these orbits
are shown in Figure 3.13 and Figure 3.14.
Table 3.8: Geometric configuration of sd-inequivalent (13;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration
O20 Z6 {0,0,1,26,156} 2-arc
{0,2,9,60,112} two concurrent lines
{0,0,1,26,156} 2-arc
{0,1,0,39,143} 3 collinear points
O28 S4 {0,4,3,66,110} a quadrilateral
{0,0,3,36,144} vertices of a triangle





68 3 17 88 9 21 35 92 91
Figure 3.13: Incidence structure of the orbits Orb1,Orb2, ,Orb3, and Orb4 of O20












Figure 3.14: Incidence structure of the orbits Orb1,Orb2, and Orb3 of O28
3.9 Geometric configuration of sd-inequivalent (14;4)-arcs
The geometric configurations of the orbits of the groups Z4 and Z6 of the sd-inequivalent (14;4)-arcsP27
andP28 given in Section 2.10, Table 2.16, are described in Table 3.9. In addition, the geometric pictures
of these orbits are shown in Figure 3.15 and Figure 3.16.
Table 3.9: Geometric configuration of sd-inequivalent (14;4)-arcs
Symbol Group {t4, t3, t2, t1, t0} Configuration
P27 Z4 {0,0,6,44,133} vertices of a quadrangle
{0,0,6,44,133} vertices of a quadrangle
{0,0,6,44,133} vertices of a quadrangle
{0,0,1,26,156} 2-arc
P28 Z6 {0,0,1,26,156} 2-arc
{0,2,9,60,112} two concurrent lines
{0,0,1,26,156} 2-arc











Figure 3.15: Incidence structure of the orbits Orb1,Orb2, Orb3, and Orb4 ofP27
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Figure 3.16: Incidence structure of the orbits Orb1,Orb2, Orb3, and Orb4 ofP28
3.10 Geometric configuration of the sd-inequivalent (38;4)-
arc
In Section 2.34, the size of the largest complete (k;4)-arc found is 38. From Table 2.41, the statistics of
the three complete (38;4)-arcs are shown. There is one sd-inequivalent complete (38;4)-arc Z1 having
dihedral group D12; this group partitions the (38;4)-arc into 4 orbits of sizes 2,12,12,12. The incidence
structures of these 4 orbits are the following:
(1) Orb1(Z1) = {1,2}. The value of secant distribution {t4, t3, t2, t1, t0} of this orbit is {0,0,1,26,156}.
(2) Orb2(Z1) = {3,109,88,123,33,31,50,44,57,158,154,164}. The value of secant distribution of this
orbit is {0,0,66,36,81}.
(3) Orb3(Z1) = {12,175,148,16,22,40,70,46,54,168,38,20}. The value of secant distribution of this
orbit is {0,0,66,36,81}.
(4) Orb4(Z1) = {39,82,94,145,102,166,141,101,152,98,106,130}. The value of secant distribution
{t4, t3, t2, t1, t0} of this orbit is {0,0,66,36,81}.
Remark
From the above description of points and lines, the geometric configurations of the four orbits of complete
(38;4)-arc are given in Table 3.10.
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Table 3.10: Geometric configuration of the sd-inequivalent (38;4)-arc
Orbit number {t4, t3, t2, t1, t0} Configuration Conic
1 {0,0,1,26,156} 2-arc
2 {0,0,66,36,81} Incomplete 12-arc xy+ xz+11yz
3 {0,0,66,36,81} Incomplete 12-arc 4xy+4xz+5yz+ z2
4 {0,0,66,36,81} Incomplete 12-arc 5xy+5xz+3yz+ z2
Conclusion
The conics in Table 3.10 intersect in two points {1,2}. Hence, each of the complete (38;4)-arcs is a union
of three conics.
Chapter 4
The classification of certain sd-inequivalent
complete (k;4)-arcs in PG(2,13)
Introduction
In this chapter, certain sd-inequivalent complete (k;4)-arcs for the values of k= 24,25,26,27,28,29,30,31,
32,33, 34,35,38 are determined amongst certain sd-inequivalent (k;4)-arcs found, where for each k, the sd-
inequivalent complete (k;4)-arcs are classified using the previous classification of sd-inequivalent (k;4)-
arcs, for k = 24,25,26,27,28,29,30,31,32,33,34,35,38. Also, this chapter presents the statistics of the
numbers, groups, and sd-inequivalent classes {t4, t3, t2, t1, t0} of i-secant distributions of the sd-inequivalent
complete (k;4)-arcs. The new size of complete (k;4)-arc for k = 36 is discussed as well.
Historical review
One of the main problems in the study of projective planes, which is also of interest in coding theory, is
finding the sizes of complete arcs in PG(2,q). Many investigations have been done to determine the values
of the smallest and the largest sizes of complete (k;n)-arcs; these are denoted by tn(2,q) and mn(2,q).
In 1947, Bose [10] proved that
m2(2,q) =

q+1, for q odd;
q+2, for q even.
In 1954, Segre [36], [37] proved that every (q+ 1)-arc is a conic for q odd. In 1956 Barlotti [3] showed
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(n−1)q+n for (n,q) = 1,
(n−1)q+n−2 for n> 2.
In 1964, Lunelli and Sce [29] improved these bounds as follows:
mn(2,q)≤

(n−1)q+n−3 for 4≤ n≤ q,
(n−1)q+n−4 for 9≤ n≤ q.
In 1993, Ali [1] showed that the smallest and the largest size of complete arcs in PG(2,13) for n = 2 are 8
and 14. For n = 3, Marcugini [31] showed that the minimum size is 15 and the maximum size is 23. Also,
for n= 4, Ball [2] gave an example of a large (k;4)-arc in PG(2,13), that is, a (34;4)-arc. Then this bound
has been raised by computer search from a (34;4)-arc to a (35;4)-arc by Daskalov and Contreras [11]. In
Table 4.1, the values of mn(2,q) for small values of n and q are introduced [22].
Table 4.1: The values of mn(2,q) for small values of n,q
q 2 3 4 5 7 8 9 11 13
n
2 4 4 6 6 8 10 10 12 14
3 7 9 9 11 15 15 17 21 23
4 13 16 16 22 28 28 32 38−40
5 21 25 29 33 37 43−45 49−53
6 31 36 42 48 56 64−66
7 49 49 55 67 79
8 57 64 65 77−78 92
9 73 81 89−90 105





4.1 sd-inequivalent complete (24;4)-arcs
The number of sd-inequivalent complete (24;4)-arcs is three, each having the identity group that partitions
the associated arcs into 24 orbits of length 1. The timing of the groups is 1939 msec. The i-secant
distributions of the three sd-inequivalent complete (24;4)-arcs are given as follows; it took 1982 msec.
{32,12,48,76,15},{32,13,45,79,14},{33,11,45,81,13}.
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4.1.1 Remark
The statistics of sd-inequivalent complete (24;4)-arcs are written in Table 4.2. The symbol S in Table
4.2 indicates the stabiliser group type of each arc. Similarly, this notation is used for each table of sd-
inequivalent complete (k;4)-arcs. Also, the next tables for k > 25, the notation St stands for the stabilisers
time.
Table 4.2: sd-inequivalent complete (24;4)-arcs
Arc size sd-inequivalent complete (24;4)-arcs S
24 3 I
Throughout this study the smallest complete (k;4)-arc has size at most 24. So, the following theorem
holds.
Theorem 4.1. In PG(2,13), there are at least three sd-inequivalent complete (24;4)-arcs.
4.2 sd-inequivalent complete (25;4)-arcs
The number of sd-inequivalent complete (25;4)-arcs is four, each having the identity group; this took 1942
msec. Also, the four classes of sd-inequivalent secant distributions which took 1990 msec are as follows:
{33,18,48,68,16},{34,14,54,64,17},{34,15,51,67,16},{35,14,48,72,14}.
Table 4.3: sd-inequivalent complete (25;4)-arcs
Arc size sd-inequivalent complete (25;4)-arcs S
25 4 I
Theorem 4.2. In PG(2,13), there are at least four sd-inequivalent complete (25;4)-arcs.
4.3 sd-inequivalent complete (26;4)-arcs
The number of sd-inequivalent complete (26;4)-arcs is 13. The stabilisers of sd-inequivalent complete
(26;4)-arcs are the identity groups as introduced in Table 4.5. Also, the classes of sd-inequivalent secant
distributions took 2245 msec. They are given in Table 4.4.
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Table 4.4: sd-inequivalent classes for (26;4)-arcs














Table 4.5: sd-inequivalent complete (26;4)-arcs
Arc size sd-inequivalent complete (26;4)-arcs S St (msec)
26 13 I 2638
Theorem 4.3. In PG(2,13), there are at least 13 sd-inequivalent complete (26;4)-arcs.
4.4 sd-inequivalent complete (27;4)-arcs
The number of sd-inequivalent complete (27;4)-arcs is 33. The stabiliser of each of these arcs is the
identity group. The values of secant distributions {t4, t3, t2, t1, t0} are given in Table 4.6. This took 2714
msec. The statistics of this process are shown in Table 4.7.
Table 4.6: sd-inequivalent classes for (27;4)-arcs



































Table 4.7: sd-inequivalent complete (27;4)-arcs
Arc size sd-inequivalent complete (27;4)-arcs S St (msec)
27 33 I 5486
Theorem 4.4. In PG(2,13), there are at least 33 sd-inequivalent complete (27;4)-arcs.
4.5 sd-inequivalent complete (28;4)-arcs
The number of sd-inequivalent complete (28;4)-arcs is 33, each having the identity group. The
sd-inequivalent classes of secant distributions {t4, t3, t2, t1, t0} took 2743 msec. Also, the statistics
of sd-inequivalent complete (28;4)-arcs are given in Table 4.8 and Table 4.9.
Table 4.8: sd-inequivalent classes for (28;4)-arcs



































Table 4.9: sd-inequivalent complete (28;4)-arcs
Arc size sd-inequivalent complete (28;4)-arcs S St (msec)
28 33 I 6346
Theorem 4.5. In PG(2,13), there are at least 33 sd-inequivalent complete (28;4)-arcs.
4.6 sd-inequivalent complete (29;4)-arcs
There are 60 sd-inequivalent complete (29;4)-arcs each having the identity group as shown in
Table 4.11. The i-secants statistics are given in Table 4.10. It took 2944 msec.
Table 4.10: sd-inequivalent classes for (29;4)-arcs
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Table 4.11: sd-inequivalent complete (29;4)-arcs
Arc size sd-inequivalent complete (29;4)-arcs S St (msec)
29 60 I 12120
Theorem 4.6. In PG(2,13), there are at least 60 sd-inequivalent complete (29;4)-arcs.
4.7 sd-inequivalent complete (30;4)-arcs
The number of sd-inequivalent complete (30;4)-arcs is 83, each having the identity group. The
sd-inequivalent secants values {t4, t3, t2, t1, t0} are shown in Table 4.12. This took 3173 msec. The
statistics of sd-inequivalent complete (30;4)-arcs are given in Table 4.13.
Table 4.12: sd-inequivalent classes for (30;4)-arcs





















































































Chapter 4. The classification of certain sd-inequivalent complete (k;4)-arcs in PG(2,13) 102
Table 4.13: sd-inequivalent complete (30;4)-arcs
Arc size sd-inequivalent complete (30;4)-arcs S St (msec)
30 83 I 17161
Theorem 4.7. In PG(2,13), there are at least 83 sd-inequivalent complete (30;4)-arcs.
4.8 sd-inequivalent complete (31;4)-arcs
The number of sd-inequivalent complete (31;4)-arcs is 77 as written in Table 4.15. The stabilisers
of the 77 sd-inequivalent complete (31;4)-arcs are always the identity group. The sd-inequivalent
secants distributions that took 3053 msec are given in Table 4.14.
Table 4.14: sd-inequivalent classes for (31;4)-arcs
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Table 4.15: sd-inequivalent complete (31;4)-arcs
Arc size sd-inequivalent complete (31;4)-arcs S St (msec)
31 77 I 14381
Theorem 4.8. In PG(2,13), there are at least 77 sd-inequivalent complete (31;4)-arcs.
4.9 sd-inequivalent complete (32;4)-arcs
The statistics of sd-inequivalent complete (32;4)-arcs showed that there are 66 sd-inequivalent
complete (32;4)-arcs each having the identity group. The values of sd-inequivalent classes of
secant distributions {t4, t3, t2, t1, t0} that took 2901 msec are given in Table 4.16.
Table 4.16: sd-inequivalent classes for (32;4)-arcs




































































Table 4.17: sd-inequivalent complete (32;4)-arcs
Arc size sd-inequivalent complete (32;4)-arcs S St (msec)
32 66 I 12930
Theorem 4.9. In PG(2,13), there are at least 66 sd-inequivalent complete (32;4)-arcs.
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4.10 sd-inequivalent complete (33;4)-arcs
There are 33 sd-inequivalent complete (33;4)-arcs. The stabilisers of the 33 sd-inequivalent
complete (33;4)-arcs are the identity group. The values of sd-inequivalent secant distributions
{t4, t3, t2, t1, t0} that took 2730 msec are shown in Table 4.18. Also, the statistics of this process
are given in Table 4.19.
Table 4.18: sd-inequivalent classes for (33;4)-arcs


































Table 4.19: sd-inequivalent complete (33;4)-arcs
Arc size sd-inequivalent complete (33;4)-arcs S St (msec)
33 33 I 8308
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Theorem 4.10. In PG(2,13), there are at least 33 sd-inequivalent complete (33;4)-arcs.
4.11 sd-inequivalent complete (34;4)-arcs
In Table 4.20, the number of sd-inequivalent complete (34;4)-arcs is 12 each having the identity




Table 4.20: sd-inequivalent complete (34;4)-arcs
Arc size sd-inequivalent complete (34;4)-arcs S St (msec)
34 12 I 4522
Theorem 4.11. In PG(2,13), there are at least 12 sd-inequivalent complete (34;4)-arcs.
4.12 sd-inequivalent complete (35;4)-arcs
There are six sd-inequivalent complete (35;4)-arcs each having the identity group as shown in




Table 4.21: sd-inequivalent complete (35;4)-arcs
Arc size sd-inequivalent complete (35;4)-arcs S St (msec)
35 6 I 3375
Theorem 4.12. In PG(2,13), there are at least six sd-inequivalent complete (35;4)-arcs.
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4.13 sd-inequivalent complete (38;4)-arc
In PG(2,13), the largest size of complete (k;4)-arc discovered in this work is at least 38. Among
the three complete arcs found there is one sd-inequivalent complete (38;4)-arc; it has dihedral
group, D12. Also, the values of ti of secant distribution of the complete (38;4)-arc are the follow-
ing:
t4 = 102, t3 = 24, t2 = 19, t1 = 14, t0 = 24.
Table 4.22: sd-inequivalent complete (38;4)-arc
Arc size sd-inequivalent complete (38;4)-arcs S St (msec)
38 1 D12 2062
Theorem 4.13. In PG(2,13), there is at least one sd-inequivalent complete (38;4)-arc.
4.14 Complete (36;4)-arc
In Chapter 2, Section 2.37, the classification of certain (k;4)-arcs that relies on the different
choice of the five sd-inequivalent (7;4)-arcs is done. The process in this case found a complete
arc of size 36 and none larger. Therefore, this new result raises the size of the second largest
complete (k;4)-arc in PG(2,13) given in Section 4.12 from a (35;4)-arc to a (36;4)-arc. The
statistics of this complete (36;4)-arc are written in Chapter 2, Section 2.37.
Chapter 5
Algebraic properties of quartic curves for
complete (k;4)-arcs
5.1 Introduction
A plane curve Cn of order n is represented by an equation f (x,y,z) = 0, in which f is a polynomial
of degree n, homogeneous in x,y,z. Since the number of terms in f is 12(n+ 1)(n+ 2), so the
curve depends on the ratios of that number of coefficients and therefore on the values of the
1
2n(n+ 3) parameters. Since to make C
n pass through a given point imposes a linear condition
on the coefficients, it follows that there exists a unique curve Cn through 12n(n+3) given points.
Therefore, curves of order n have freedom 12n(n+ 3). For n = 4, a quartic curve is therefore
determined by 14 points.
In this chapter, examples of non-singular quartic curves associated to complete (k;4)-arcs in
PG(2,13) for k = 24,25,26,27,28,29,30,31,32,33,34,35,36,38 are defined. The algebraic
properties for each curve in terms of the number of inflexion points and rational points are given.
In addition, two examples of quartic curves attaining the Hasse-Weil-Serre upper bound for the
number N1 of rational points on a curve over the finite field of order thirteen are given, where this
number is 32. The algebraic properties of the two quartic curves such us the number of inflexion
points, the number of rational points, the secant distributions, and the stabiliser groups are given.
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5.2 Quartic curves for complete (24;4)-arcs
Table 5.1 shows the quartic curves C ( f1),C ( f2),C ( f3),C ( f4) that took 1960 msc, none of which
is singular. Also, these curves do not have inflexion points as the determinant of the Hessian
matrix HP( fi) is non-zero at all rational points P of C ( fi) for i = 1,2,3,4. The properties of
C ( fi), i= 1,2,3,4, are listed in Table 5.1 where, for each fi, the number I of inflexion points, the
number |C ∩K | of rational points lying on the corresponding arcK , the number N1 of rational
points that took 2386 msec, and the stabiliser group S that took 2249 msec are given.
Table 5.1: Quartic curves for complete (24;4)-arcs




0 14 28 Z2
f2
x4 + 10x3y− x3z+ 11x2y2− x2yz+ 5x2z2− xy3 +
9xy2z+4xyz2+8xz3+5y4− y3z+2y2z2+ yz3 0 15 24 I
f3
x4+x3y+11x3z+11x2y2+2x2yz+4x2z2+5xy3−
xy2z+ 8xyz2 + 7xz3 + 2y4 + 2y3z+ 8y2z2 + 8yz3 +
5z4




0 14 24 I
Remark
Note that the choice of the fourteen points to define a non-singular quartic curve is not unique. In
Table 5.1, the associated complete (24;4)-arc for f1 is as follows:
K1 = {1,2,3,88,9,182,35,56,135,22,151,55,31,153,45,171,85,168,48,113,183,59,92,125}.
The points that defined the polynomial curve f1 are as follows:
{31,45,48,55,59,85,92,113,125,151,153,168,171,183}.
So, if we choose another 14 points to define a quartic curve C ( f1), a new polynomial f ∗1 is
found; it may or may not have equivalent algebraic properties to those of C ( f1). Thus, let
{1,9,135,22,151,55,45,171,85,168,48,113,183,59} be the new set of 14 points of K1; then
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the associated quartic polynomial f ∗1 is as follows:
f ∗1 = 10x
3z+10x2y2− x2yz+2x2z2− xy3+4xy2z+11xz3+ y4+6y2z2+3yz3+3z4.
The curve C ( f ∗1 ) has one inflexion point. Also, the number |C ∩K | of rational points of C ( f ∗1 )
lying on K1 is 14 and the number N1 of rational points of C ( f ∗1 ) is 25; this took 2295 msec.
Thus the two quartic curves C ( f1) and C ( f ∗1 ) have the equivalent property related to the number
|C ∩K | of rational points on the corresponding arc, where each has 14 points. Also, the curve
C ( f1) does not have inflexions while C ( f ∗1 ) has one inflexion point. In addition, the number
N1(C ( f1)) is 28 whereas the number N1(C ( f ∗1 )) is 25 rational points. Furthermore, the groups
of C ( f1) and C ( f ∗1 ) are not equivalent; here C ( f1) has the group Z2 and C ( f
∗
1 ) has the identity
group; this took 1988 msec.
5.3 Quartic curves for complete (25;4)-arcs
In Table 5.2, the statistics of the associated quartic curves of the complete (25;4)-arcs that took
1972 msc are described. It gives the number I of inflexions, the number |C ∩K | of intersection
points the curve with the arc, and the number N1 of rational points of the curves. This number
took 2265 msec.
Table 5.2: Quartic curves for complete (25;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1




x4− x3y+ 11x3z+ 7x2y2 + 3x2yz+ 5x2z2 + xy3 +
8xy2z+6xyz2+xz3+7y4+4y3z+6y2z2−yz3+2z4 0 14 24
f3
x4+7x3y+7x3z+ x2y2+11x2yz− x2z2+11xy3+




x4 + x3y + x3z + 5x2y2 + 6x2yz + 4x2z2 + 9xy3 +
xy2z+8xyz2+3xz3+6y4+11y3z+11yz3+3z4
2 15 28
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5.4 Quartic curves for complete (26;4)-arcs
In these statistics, for the fifteen quartic curves of the complete (26;4)-arcs that took 2015 msc,
there are 5 quartic curves C ( f4),C ( f5),C ( f7),C ( f8), and C ( f12) which do not have inflexion
points and ten quartic curvesC ( f1),C ( f2),C ( f3),C ( f6),C ( f9),C ( f10),C ( f11),C ( f13),C ( f14),
and C ( f15) whose number of inflexion points is 1,2 or 3. The number |C ∩K | is between 14
and 18 points. The number N1 of rational points of these curves ranges between 19 and 28; it
took 2659 msec. The statistics are given in Table 5.3.
Table 5.3: Quartic curves for complete (26;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1
x3y+7x3z+2x2y2+8x2yz+7x2z2+7xy3+10xy2z+
xyz2+7xz3+11y3z+5y2z2− yz3 1 15 25
f2
















x4 + 2x3y + 5x3z + 6x2yz + 8x2z2 + xy3 + 3xy2z +
2xyz2+7xz3− y4+ y3z+11yz3+9z4 3 15 24
f7
x4 + x3y + x3z + 3x2yz + 4xy3 + 9xy2z + 4xyz2 +
10xz3+7y4− y3z+10y2z2+2yz3+ z4 0 14 27
f8
x4 + 5x3y+ 7x3z+ 7x2y2 + 5x2yz+ 9x2z2 + 9xy2z+
8xyz2+9xz3+11y4+5y3z− y2z2+8yz3− z4 0 15 28
f9
x4 + 9x3y + 4x3z + 8x2y2 − x2yz + 5x2z2 + 5xy3 +
3xy2z− xyz2+ xz3+8y4+5y3z+7yz3+10z4 2 14 23
f10












x4 + 5x3y + 5x3z + 6x2y2 + 8x2yz − x2z2 + 8xy3 −








x4 + 2x3y + 9x3z + 11x2y2 + 4x2yz + x2z2 + 4xy3 −
xy2z+4xyz2+3xz3+7y4+6y3z+4y2z2− yz3+8z4 2 15 19
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5.5 Quartic curves for complete (27;4)-arcs
Among the 43 quartic curves of the complete (27;4)-arcs that took 2166 msc, there are 13 quartic
curves that do not have any inflexion points. Also the number of quartic curves that have inflexion
points is 30. The number |C ∩K | of each of the 43 quartic curves on the corresponding arc
ranges between 14 and 17 points. In addition, the number N1 of these curves ranges from 20 to
30 rational points; it took 3914 msec. The statistics of these curves are shown in Table 5.4.
Table 5.4: Quartic curves for complete (27;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1




x4 + 6x3y+ 5x3z+ 8x2y2 + 11x2yz+ 3x2z2 + 4xy3 +










x4 + 9x3y + 4x3z + 4x2y2 + 3x2yz + x2z2 + 5xy3 +
10xy2z+5xz3+9y4+ y3z− y2z2+7yz3+5z4 0 14 22
f6
x4 + 10x3y+ 4x3z+ 5x2y2 + 9x2z2 + 7xy3 + 8xy2z+










x4 + x3y+ 11x3z+ 4x2y2 + 3x2yz+ 4x2z2 + 10xy3 +
3xy2z− xyz2+4xz3+5y4+ y3z+9y2z2+4yz3+10z4 0 14 30
f10




10x3y + 5x3z + 6x2y2 + 4x2yz + 9x2z2 + 9xy3 +
11xy2z− xyz2+3xz3+ y4+6y3z+7y2z2+9yz3+8z4 0 15 21
f12
x4 + 2x3y+ 11x3z+ 11x2y2 + 7x2yz− x2z2 + 6xy3 +
4xy2z+7xyz2+7xz3− y4+9y2z2+2yz3 1 15 22
f13
x4 + 11x3y + 9x3z + x2y2 − x2yz + 6x2z2 + 8xy3 −
xy2z+6xyz2+6xz3+6y4+3y3z+6y2z2+8yz3+5z4
2 14 21
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f14
x4 + 3x3y + x3z + 5x2y2 + 9x2yz− x2z2 + 9xy3 + 5xy2z +










x4 + 11x3z + 9x2y2 + 2x2yz + 9x2z2 + 10xy3 + 8xy2z +















































3xyz2+8xz3+5y4− y3z− y2z2+4yz3+7z4 0 15 24
f30
x4+4x3y+2x3z+7x2y2+8x2yz+6x2z2+10xy3+5xy2z+
8xyz2+6xz3+6y4− y3z+9y2z2− yz3+ z4 2 16 27
f31




































x4 + 6x3y+ 3x3z+ 2x2y2 + 5x2yz+ 4x2z2− xy3 + 10xy2z+











3xyz2+8xz3+5y4− y3z− y2z2+4yz3+7z4 0 14 24
5.6 Quartic curves for complete (28;4)-arcs
There are 44 curves took 2226 msc. Among them the number of associated quartic curves of
the complete (28;4)-arcs that do not have inflextions is 16. Here, there are 28 quartic curves
whose number I of inflexion points is 1 or 2. Also, the number |C ∩K | of the 44 curves on
the corresponding arc ranges between 14 and 17. In addition, the number N1 of rational points is
between 20 and 28; it took 5103 msec. The statistics are shown in Table 5.5.
Table 5.5: Quartic curves for complete (28;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1





x4 + 3x3y + x2y2 − x2yz + 7x2z2 + 2xy3 + 4xy2z +
3xyz2+9xz3+10y4+11y3z+7y2z2+5yz3+10z4
1 15 23
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f3
x4+3x3y+7x3z+8x2y2+10x2yz+10x2z2+11xy3−
xy2z+3xyz2+9xz3+4y4+10y3z− y2z2+8yz3+3z4 2 14 24
f4








x4 + x3y + 6x3z + 10x2y2 + 2x2yz + 3x2z2 + 4xy3 +




x4 + 6x3y+ 10x3z+ 3x2y2 + 2x2yz+ x2z2 + 10xy3 +
8xy2z+7xyz2− xz3+4y4+10y3z+ y2z2+2yz3+6z4 1 14 20
f8
















x4 + 6x3y + 3x3z + 7x2y2 + 2x2yz + 9x2z2 + 5xy3 +
11xy2z+8xyz2+ xz3+2y3z+ y2z2+11yz3+ z4
1 15 25
f13




x4 + 9x3y + x2y2 + 4x2yz + x2z2 + 11xy2z + 9xyz2 +
10xz3+10y4+11yz3− z4 1 15 25
f15




x4 + 5x3y+ 10x3z+ 11x2y2 + 7x2yz− x2z2 + 4xy3 +












x4 + 3x3y + x3z + 2x2y2 + x2yz + 9x2z2 + 4xy3 +
4xy2z+ xyz2+11xz3− y4+7y3z+6y2z2+6yz3+4z4 2 16 26
f20
x4 + 3x3y + 10x3z + 7x2y2 + x2yz + 5x2z2 − xy3 +




x4 + 2x3y+ 8x3z+ 10x2y2 + 10x2yz− xy3 + 6xy2z+
10xyz2+8xz3+6y4+9y3z+6yz3+4z4
0 14 25
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f22






















x4 + 8x3y − x3z + 5x2y2 + 2x2yz + 7x2z2 + 6xy3 +
11xy2z+7xyz2+4xz3− y4+6y3z+9y2z2+ z4 0 14 22
f28






















xy2z+3xyz2+9xz3+4y4+10y3z− y2z2+8yz3+3z4 2 14 24
f34
x4+3x3y+7x3z+8x2y2+10x2yz+10x2z2+11xy3−
xy2z+3xyz2+9xz3+4y4+10y3z− y2z2+8yz3+3z4 2 15 24
f35




















x4 + x3y + 6x3z + 6x2y2 + 3x2yz + x2z2 + 9xy3 +
8xy2z+10xyz2+9xz3+4y4+9y3z+2y2z2+5yz3
1 15 26
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f41




x4 + 3x3y + 10x3z + 7x2y2 + x2yz + 5x2z2 − xy3 +












5.7 Quartic curves for complete (29;4)-arcs
In these statistics, there are 100 quartic curves. It took 2467 msc. The number of associated
quartic curves of the complete (29;4)-arcs that do not have inflexion points is 37. There are 63
curves whose number I of inflexions is 1,2 or 3. In addition, the number |C ∩K | for the 100
quartic curves is between 14 and 18. Also, the number N1 of rational points ranges from 18 to 30.
It took 6102 msec. The statistics are shown in Table 5.6.
Table 5.6: Quartic curves for complete (29;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1
x4− x3y+ 11x3z+ 5x2y2 + 6x2yz+ 9x2z2 + 10xy2z+
4xyz2+8xz3+3y4+10y3z+4y2z2− yz3+6z4 0 15 27
f2
x4 + 5x3y+ 4x3z+ 5x2y2 + 11x2yz+ 9x2z2 + 10xy3 +
4xy2z− xyz2+4xz3+3y4− y3z+ y2z2+9yz3+3z4 0 14 23
f3
x4 + 11x3y + 6x3z + 3x2y2 − x2yz + 2x2z2 + 5xy3 +
9xy2z+ xyz2− xz3+11y4− y3z+ y2z2+6yz3+2z4 1 16 27
f4
x4 + 3x3y + 4x3z + 5x2y2 + 4x2yz + 9x2z2 + 2xy3 +
3xy2z+9xyz2+ xz3+ y4+ y3z+4y2z2+9yz3+10z4
2 17 25
f5




x4 − x3y + 2x2y2 + 2x2yz + 9x2z2 + 5xy3 + 4xy2z +
2xyz2+4y3z+6y2z2− yz3+7z4 0 17 24
f7
x4 + 11x3y + 8x3z + 9x2y2 + x2z2 + 2xy3 + 8xy2z +
5xyz2+3xz3+4y4+7y3z+7y2z2+11z4
1 16 29
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f8









x4 + x3z+ 5x2y2 + 5x2yz− x2z2 + 2xy3 + 11xy2z+
6xyz2+9xz3+9y4− y3z− y2z2+3yz3+4z4 0 16 29
f11





6xyz2+7y4− y3z+8y2z2+7yz3+ z4 1 16 25
f13
x4 + 5x3y+ 7x3z+ 9x2y2− x2yz+ x2z2 + 11xy3 +



























8xyz2− xz3+2y4− y3z+10y2z2+3z4 1 16 28
f20
x4 + 10x3y+ 3x3z+ 6x2y2 + 7x2z2 + xy3 + xy2z−
xyz2+6xz3+8y4+10y3z+7y2z2− yz3+7z4 0 15 28
f21


















x4 + 5x3z + 10x2y2 + 10x2yz + 8x2z2 + xy3 +
9xy2z+ xyz2 + 3xz3 + 4y4 + 2y3z+ 2y2z2 + 7yz3 +
10z4
1 15 23








9xy2z+7xyz2+11xz3− y4+3y3z+9yz3+5z4 2 14 29
f28
x4+7x3y+6x3z+10x2y2+5x2yz+7x2z2+ xy3+
10xy2z+6xyz2+ xz3+9y3z− y2z2+5yz3+9z4 1 15 24
f29
6x3y+ 10x3z+ 10x2y2 + 5x2yz+ 3x2z2 + 11xy3 +
2xy2z+4xyz2−xz3+y4+6y3z+3y2z2+3yz3+6z4 2 16 28
f30













5x3y + 2x3z + 5x2y2 + 5x2yz − x2z2 − xy3 +




x4 + 9x3y + 4x3z− x2y2 + 7x2yz + 4x2z2 − xy3 +
3xy2z+5xyz2+8xz3+9y4+ y3z+4y2z2− yz3 2 14 20
f35
x4 + 5x3y+ 7x3z+ 9x2y2− x2yz+ x2z2 + 11xy3 +





4xy2z+7xyz2+7xz3− y4+9y2z2+2yz3 1 14 22
f37
x4+3x3y+4x3z+8x2y2+10x2yz+10x2z2−xy3+


















11xy2z+11xyz2+ y4+7y3z+2y2z2− yz3+9z4 3 15 27
f42
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f44















































x4 + x3y + x3z + 4x2y2 − x2yz + 6x2z2 + 9xy2z +
3xyz2+5xz3+8y4+9y3z+9y2z2− yz3+5z4 0 16 28
f57
x4 + 3x3y + 8x3z + 10x2y2 + 5x2yz + 10x2z2 +
9xy3− xyz2+ xz3+7y3z+2y2z2+10yz3 1 14 25
f58
x4+9x3y+4x3z+10x2y2+2x2yz+7xy3+4xy2z+
11xyz2+4xz3+6y4− y3z+3y2z2+11yz3+7z4 2 15 28
f59















x4 + 5x3y + 7x2y2 + 4x2yz + 11x2z2 + 6xy3 +
10xy2z+10xz3+8y4+4y3z+5y2z2+9yz3+11z4
0 14 24
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f64
x4+ x3y+3x3z+10x2y2+9x2yz+ x2z2+10xy3+
7xy2z− xyz2− xz3+11y3z+8y2z2+11yz3+7z4 0 16 23
f65
x4 + 3x3y + x3z− x2y2 + 8x2yz + 2x2z2 + 2xy3 +








x4 + 10x3y + 10x3z − x2y2 + 10x2yz + 4x2z2 +




x4 − x3y + 11x3z + 5x2y2 + 6x2yz + 9x2z2 +




x4 − x3y + 11x3z + 5x2y2 + 6x2yz + 9x2z2 +




x4 + 11x3y + 11x3z + 10x2y2 + 8x2yz + 5x2z2 +
























x4 + x3z+ 5x2y2 + 5x2yz− x2z2 + 2xy3 + 11xy2z+
6xyz2+9xz3+9y4− y3z− y2z2+3yz3+4z4 0 15 29
f77
x4 + x3z+ 5x2y2 + 5x2yz− x2z2 + 2xy3 + 11xy2z+
6xyz2+9xz3+9y4− y3z− y2z2+3yz3+4z4 0 15 29
f78
x4 + x3z+ 5x2y2 + 5x2yz− x2z2 + 2xy3 + 11xy2z+










x4 + 10x3y + 9x3z + 8x2y2 + 10x2yz + 11x2z2 +
9xy2z+10xyz2+6xz3+6y3z+3y2z2+5yz3+7z4
1 14 26
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f82
x4+7x3y+6x3z+10x2y2+5x2yz+7x2z2+ xy3+
10xy2z+6xyz2+ xz3+9y3z− y2z2+5yz3+9z4 0 14 24
f83






















5x3y + 2x3z + 5x2y2 + 5x2yz − x2z2 − xy3 +




x4− x3y+ 6x3z+ 5x2y2− x2yz+ 7x2z2 + 10xy3 +













































x4 + x3y + x3z + 4x2y2 − x2yz + 6x2z2 + 9xy2z +
3xyz2+5xz3+8y4+9y3z+9y2z2− yz3+5z4 0 15 28
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5.8 Quartic curves for complete (30;4)-arcs
The associated quartic curves of complete (30;4)-arcs that took 2653 msc are shown in Table
5.7. There are 45 curves among the 133 quartic curves that do not have inflexion points and the
number of quartic curves that have inflexion points is 88. The number |C ∩K | for the 133 quartic
curves is between 14 and 19 and the number N1 ranges between 19 and 30. It took 12310 msec.
Table 5.7: Quartic curves for complete (30;4)-arcs










x4 + 9x3y − x3z + 6x2y2 + 2x2yz + 7x2z2 + 5xy3 +
4xy2z+10xyz2−xz3−y4+y3z+11y2z2+2yz3+10z4 1 16 24
f4




x4 + 6x3y + 2x2y2 − x2yz − x2z2 + 4xy3 + 8xyz2 +
6xz3− y4+7y3z+5y2z2+11yz3+11z4 1 15 27
f6








x4 + 2x3y + 11x3z − x2y2 + x2yz + 5x2z2 + 11xy3 +







9xz3+7y3z+11y2z2+5yz3− z4 3 18 23
f11
x4+3x3y+2x2y2+10x2yz+10xy3+10xy2z+3xyz2+
7xz3− y4+ y3z+4y2z2+8yz3+5z4 2 15 25
f12
x4+9x3z+10x2y2+8x2yz+11x2z2+4xy3+4xy2z+
4xyz2+4xz3− y4+3y3z+6y2z2+3yz3+2z4 1 15 23
f13
x4 + 8x3y + 4x3z + 10x2y2 + 8x2yz + 8x2z2 − xy3 +
8xz3− y4+ y3z+2y2z2+4yz3+ z4 0 15 24
f14
x4 + 6x3y+ 3x3z+ 5x2y2 + 5x2yz+ 10x2z2 + 3xy3 +
4xy2z+3xyz2+7xz3−y4+5y3z+5y2z2+11yz3+9z4 0 15 26












xy2z+5xyz2+10xz3+4y4+5y3z− y2z2+ yz3 1 16 26
f18














x4 + 5x3y + 6x3z + 10x2yz + 7x2z2 + 11xy3 +




8x3y + 7x3z + 4x2y2 + 8x2yz + 4x2z2 + 8xy3 −
xy2z+xyz2+2xz3+y4−y3z+9y2z2+11yz3+9z4 1 16 26
f23
x3y+ 3x3z+ 7x2y2− x2yz+ 2x2z2 + 5xy3 + xy2z+
6xyz2+10xz3+ y4− y3z− y2z2+ yz3+ z4 1 16 22
f24








x4 + 9x3y + 7x3z + 10x2yz + 6x2z2 + 11xy3 +

















x4 + 5x3y+ 6x3z+ 4x2y2 + 4x2yz+ x2z2 + 4xy3 +
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f32




x4 + 9x3y + 2x3z − x2y2 + 3x2yz + xy3 + xy2z +
4xyz2+3xz3− y4+4y3z+7y2z2+4yz3− z4 2 15 30
f34












x4 + 11x3y + 10x3z + 5x2y2 + 8x2yz + 2x2z2 +






x4 + 5x3y+ 5x3z− x2y2 + 3x2yz− x2z2 + 10xy3−
xy2z+8xyz2+xz3+y4+11y3z+8y2z2+7yz3− z4 1 15 27
f40




x4 + x3y + 6x3z + 11x2y2 + 10x2z2 + 5xy3 +








x4 + 3x3y + 5x3z + 11x2y2 + 9x2yz + 4x2z2 +




x4 + 4x3y + 2x3z + 3x2y2 + 7x2yz + 11x2z2 +









x4 + x3y+ 5x3z+ 7x2y2− x2yz+ 6x2z2 + 11xy3 +




x4 + 6x3y + 6x3z + 7x2y2 + x2yz + 2x2z2 − xy3 +





7xy2z− xyz2+6xz3+9y4+10y3z+6y2z2+8z4 2 16 26
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f49












x4 + 4x3z + 4x2y2 + 6x2yz + 10x2z2 + 10xy3 +




10x3y + 4x3z + x2y2 + 11x2yz − x2z2 + 3xy3 +




x4 + 3x3y + 11x3z + 10x2y2 + 9x2yz + 7x2z2 +





















x4 + 6x3y+ x3z+ 4x2y2 + 5x2yz+ 6x2z2 + 5xy3 +





5xy2z− xyz2+6xz3+3y3z+5y2z2+10yz3+10z4 1 15 26
f61













x4 + 2x3y+ 7x3z+ x2y2 + 4x2yz+ 2x2z2 + 9xy3 +
8xy2z+7xyz2− xz3+11y4+3y3z+2yz3+9z4 0 17 27
f65
x4 + 2x3y+ 7x3z+ x2y2 + 4x2yz+ 2x2z2 + 9xy3 +
8xy2z+7xyz2− xz3+11y4+3y3z+2yz3+9z4 0 17 27
f66
x4+7x3y+7x3z+8x2y2+6x2yz+7x2z2+3xy3+
9xy2z+10xyz2+xz3+6y4−y3z−y2z2+6yz3+6z4 0 14 23
Chapter 5. Algebraic properties of quartic curves for complete (k;4)-arcs 128
f67
x4 + 7x3y + x3z + 5x2y2 − x2yz + 8x2z2 − xy3 + 9xy2z +
3xyz2+6xz3+8y4+8y3z+ y2z2− yz3+2z4 0 16 19
f68
x4 + 3x3y+ 11x3z− x2y2 + 4x2yz+ 6x2z2 + 3xy3 + 5xyz2 +
10xz3+3y4− y3z− y2z2+7yz3 2 15 28
f69
x4+7x3y+2x3z+6x2y2+10x2yz+10x2z2+8xy3+6xy2z+
7xyz2+9xz3+3y3z− y2z2+11yz3+8z4 0 16 28
f70
x4 + 7x3y+ 2x3z+ 7x2y2 + x2yz+ 11x2z2 + 3xy3 + 7xy2z+
5xyz2+9xz3− y4+3y3z+7y2z2+6yz3+6z4 0 14 26
f71




x4 + 4x3y + 3x2yz + 3xy3 + 8xy2z − xyz2 + 2xz3 + 7y4 +
3y3z+6y2z2+4yz3− z4 2 15 23
f73








x4 + 7x3y + x3z + 5x2y2 − x2yz + 8x2z2 − xy3 + 9xy2z +
3xyz2+6xz3+8y4+8y3z+ y2z2− yz3+2z4 0 16 19
f76
























































x4 + 9x3y− x3z+ 6x2y2 + 2x2yz+ 7x2z2 + 5xy3 + 4xy2z+
10xyz2− xz3− y4+ y3z+11y2z2+2yz3+10z4 1 15 24
f91
x4 + x3y+ 11x3z+ 11x2yz− x2z2 + 3xy3 + 6xy2z− xyz2 +
7xz3+6y4+7y3z− y2z2+5z4 0 15 24
f92
x4 + x3y+ 11x3z+ 11x2yz− x2z2 + 3xy3 + 6xy2z− xyz2 +































7y3z+11y2z2+5yz3− z4 3 17 23
f101
x4+6x3y+11x2y2+5x2yz+9x2z2+10xy3+5xy2z+9xz3+
7y3z+11y2z2+5yz3− z4 3 17 23
f102
x4 + 3x3y + 2x2y2 + 10x2yz + 10xy3 + 10xy2z + 3xyz2 +
7xz3− y4+ y3z+4y2z2+8yz3+5z4 2 15 25
f103
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f107
x4 + 6x3y+ 2x3z+ 5x2y2 + 11x2yz+ 8x2z2 + 5xy3 + xy2z+
5xyz2+10xz3+4y4+5y3z− y2z2+ yz3 1 15 26
f108































































x4 + x3y+ 5x3z+ 7x2y2 − x2yz+ 6x2z2 + 11xy3 + 8xy2z+






x4 + 3x3y− x3z+ 11x2y2 + 2x2yz+ 7x2z2 + 8xy3 + 5xy2z−
xyz2+6xz3+3y3z+5y2z2+10yz3+10z4
1 15 26






x4 + 7x3y + x3z + 5x2y2 − x2yz + 8x2z2 − xy3 + 9xy2z +
3xyz2+6xz3+8y4+8y3z+ y2z2− yz3+2z4 0 15 19
f129
x4 + 7x3y+ 2x3z+ 7x2y2 + x2yz+ 11x2z2 + 3xy3 + 7xy2z+
5xyz2+9xz3− y4+3y3z+7y2z2+6yz3+6z4 0 14 26
f130
x4+9x3y+10x3z+9x2y2+x2yz+8x2z2+3xy3+10xy2z−
xyz2+6xz3− y4+3y3z− y2z2+5yz3+8z4 0 14 27
f131
x4+9x3y+10x3z+9x2y2+x2yz+8x2z2+3xy3+10xy2z−






x4 + x3y+ 3x3z+ 6x2y2 + 4x2yz+ 10x2z2 + 4xy3 + 8xy2z+
7xyz2− xz3+3y4+8y3z+2y2z2+ yz3 0 15 26
5.9 Quartic curves for complete (31;4)-arcs
There are 123 quartic curves associated to complete (31;4)-arcs. It took 2584 msc. The number
of quartic curves that do not have inflexion points is 57. Here, 66 quartic curves have between 1
and 3 inflexion points. The number |C ∩K | of rational points for the 123 curves is between 14
and 18. Also, the number N1 of these curves ranges between 17 and 31. It took 10198 msec. The
statistics are given in Table 5.8.
Table 5.8: Quartic curves for complete (31;4)-arcs















x4 + 4x3y− x3z+ 7x2y2 + x2yz+ 8x2z2 + 10xy3 +
10xy2z + 4xyz2 + 4xz3 + 5y4 + 6y3z + 4y2z2 +
11yz3+ z4
0 16 24
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f5
x4+6x3y+6x3z+6x2y2+9x2yz+7x2z2+3xy3+
3xy2z+11xz3+8y4− y3z+11y2z2+2yz3− z4 1 15 24
f6













x4 − x3y− x3z + 3x2y2 + 4x2yz + 8xy3 + 2xy2z +



















3x3y + 3x3z + 11x2y2 + 5x2yz + 6x2z2 + 4xy3 +
2xy2z+10xyz2− xz3+ y4+3y3z+4yz3+2z4 1 15 18
f15






















2xy2z−xyz2+xz3+10y4+6y3z+9y2z2+8yz3+z4 0 15 27
f21






11xy2z + 7xyz2 + 3xz3 + 3y4 + 10y3z + 3y2z2 +
10yz3+4z4
0 14 17
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f23
x4 + 9x3y− x3z + x2yz + 3x2z2 + 8xy3 + 2xy2z +



















x4 − x3y + 11x3z− x2y2 + 9x2yz− x2z2 + 5xy3 +













x4 + 9x3y− x3z + x2yz + 3x2z2 + 8xy3 + 2xy2z +







10xy2z− xyz2+2y4+10y3z+3yz3− z4 1 14 22
f34
x4− x3y+ 9x3z+ 6x2y2 + 8x2yz+ 4x2z2 + 8xy3 +




x4 + x3z+ 6x2y2 − x2yz+ 5x2z2 + 9xy3 + 9xy2z+
8xyz2+ xz3+3y3z+10y2z2− yz3+8z4 0 16 27
f36
x4 + 11x3y + 3x3z + 6x2y2 + 6x2yz + 6x2z2 +
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f41
x4+7x3y+3x3z+9x2y2+3x2yz+9x2z2+9xy3+
7xy2z+2xyz2+6xz3+9y4−y3z+4y2z2−yz3− z4 1 14 25
f42
x4 + 7x3y+ 8x3z+ 5x2y2 + x2yz+ 4x2z2 + 4xy3 +




x4 + 10x3z + 6x2y2 + 4x2z2 + 9xy3 + 2xy2z +
4xyz2+3xz3+6y4+3y3z− y2z2+2yz3+10z4 2 15 26
f44
























2xyz2+4xz3− y4− yz3+2z4 1 14 22
f50









x4 + 8x3y + 10x3z + 6x2y2 − x2yz + x2z2 − xy3 +






















x4 + 3x3y+ 6x3z+ 7x2y2 + 3x2yz− x2z2 + 3xy3 +
xy2z+8xyz2+3xz3+y4+y3z+4y2z2+4yz3+8z4
1 15 26






x4 + 8x3y + 10x3z + 6x2y2 − x2yz + x2z2 − xy3 +








8x3y + 9x3z + 4x2y2 + 8x2yz + 10x2z2 + 4xy3 +










3xy2z+2xyz2+3y4− y3z+10y2z2+11yz3− z4 2 14 22
f64
x4+4x3y+10x3z+3x2yz+7x2z2+7xy3+2xy2z+
8xyz2+10xz3− y4+7y3z+10y2z2+7yz3+5z4 2 14 27
f65
x4 + 8x3y+ 8x3z− x2y2 + 9x2yz+ 8x2z2 + 7xy3 +





















x4 + 8x3y+ 8x3z− x2y2 + 9x2yz+ 8x2z2 + 7xy3 +
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f75




x4 + 6x3y + 7x3z + x2y2 + x2yz + 3x2z2 − xy3 +








x4 + 8x3y− x3z+ 5x2y2 + 2x2yz+ 7x2z2 + 6xy3 +
11xy2z+7xyz2+4xz3− y4+6y3z+9y2z2+ z4 0 14 22
f79

















x4 + 11x3y + 10x3z + 10x2y2 + 2x2yz + 9x2z2 +





2xyz2+6y4− y3z+9y2z2+7yz3+10z4 1 16 25
f85
x4+3x3y+11x3z+8x2yz+3x2z2+3xy3+8xy2z+







x4 + 9x3y+ 2x3z− x2yz+ 11x2z2 + xy3 + 8xy2z+











x4 + x3y + x3z + x2y2 + 5x2yz + x2z2 + 2xy3 +




x4 + x3y + x3z + x2y2 + 5x2yz + x2z2 + 2xy3 +
8xy2z + 4xyz2 + 4xz3 + 11y4 + 7y3z + 9y2z2 +
10yz3+ z4
0 15 23










x4 + 4x3y− x3z+ 7x2y2 + x2yz+ 8x2z2 + 10xy3 +




x4 + 4x3y− x3z+ 7x2y2 + x2yz+ 8x2z2 + 10xy3 +




x4 + 4x3y− x3z+ 7x2y2 + x2yz+ 8x2z2 + 10xy3 +

















x4 − x3y− x3z + 3x2y2 + 4x2yz + 8xy3 + 2xy2z +
8xyz2− xz3− y4+4y3z+3y2z2+7z4 0 15 28
f101
x4 − x3y− x3z + 3x2y2 + 4x2yz + 8xy3 + 2xy2z +































x4 + 10x3z− x2y2 + 9x2yz+ 4x2z2 + xy3 + xy2z+
6xyz2+9xz3+9y4+4y3z+6y2z2+8yz3+11z4
0 16 26
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f110






2xy2z−xyz2+xz3+10y4+6y3z+9y2z2+8yz3+z4 0 14 27
f112
x4 + 9x3y− x3z + x2yz + 3x2z2 + 8xy3 + 2xy2z +










x4 − x3y + 11x3z− x2y2 + 9x2yz− x2z2 + 5xy3 +




x4 + 9x3y− x3z + x2yz + 3x2z2 + 8xy3 + 2xy2z +
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5.10 Quartic curves for complete (32;4)-arcs
From Table 5.9, the number of quartic curves is 119. The time of these curves is 2560 msc.
Among them the number of associated quartic curves of the complete (32;4)-arcs that do not
have inflexion points is 54. There are 65 quartic curves have between 1 and 3 inflexions. Also,
the number |C ∩K | for the 119 quartic curves on the corresponding arc ranges between 14 and
19 points and the number N1 is between 19 and 30 points. It took 9412 msec.
Table 5.9: Quartic curves for complete (32;4)-arcs




















11xyz2+3xz3+5y4+10y3z− y2z2− yz3+ z4 0 14 24
f6





x4 + 5x3y + 10x3z + 10x2y2 + 11x2yz + 3x2z2 +




x4 + 8x3y + 5x3z + 4x2y2 + 11x2yz + 10xy3 +
























x4 + 7x3y + 10x3z + 4x2y2 + 8x2yz + 4x2z2 +
























x4 + 7x3y+ 8x3z+ 7x2y2 + 3x2yz− x2z2 + 4xy3 +










9xz3− y4+6y3z+7y2z2+5yz3 0 16 25
f23
x4 + 2x3y + 8x3z− x2y2 + 5x2yz + 7xy3 − xy2z +
8xyz2+6xz3+2y4+11y3z− y2z2+3yz3+10z4 0 14 24
f24




x4 + 10x3y + 10x3z + 11x2y2 + 11x2yz + 3xy3 +








x4 − x3y + 8x3z + 3x2y2 − x2yz + 3x2z2 + 4xy3 +





5xy2z+5xyz2+6xz3−y4+y3z+3y2z2+4yz3+2z4 3 14 24
f29
x4+11x3y+6x3z+5x2y2−x2yz+11x2z2+7xy3+




3x3y + 3x3z + 11x2yz + 4xy3 + 4xy2z + 5xyz2 −
xz3+ y4+7y3z− y2z2 0 16 27
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f31






























x4 + x3y+ 11x3z+ 5x2y2 + x2yz+ 3x2z2 + 2xy3 +































x4 + x3y+ 2x3z+ 10x2y2 + 11x2yz+ x2z2− xy3 +




x4 + 2x3y+ 2x3z+ 4x2y2− x2yz+ 2x2z2 + 5xy2z+
5xz3− y4+ y2z2+11yz3+6z4 1 15 27
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f47
x4 + 5x3z+ 9x2y2 − x2yz− x2z2 + 4xy3 + 6xy2z+




x4 + 3x3y + 11x3z + 7x2y2 + 3x2yz + 10x2z2 +





7xy2z+3xyz2− xz3+ y4+8y3z+6y2z2− yz3 0 15 30
f50
x4 + 4x3y + 10x2y2 + 7x2yz + 10x2z2 + 11xy3 +




x4 + 5x3z+ 9x2y2 − x2yz− x2z2 + 4xy3 + 6xy2z+





6xy2z+8xz3+11y4+ y3z+6y2z2+9yz3− z4 1 15 25
f53













x4 + 2x3y + 9x3z− x2y2 + 2x2yz + 6x2z2 + xy3 +





















4x3y + 7x3z + 6x2y2 + 2x2yz + x2z2 + 5xy3 +




x4 + 11x3y + 3x3z + 6x2y2 + 11x2yz + 7x2z2 +
10xy3 + 6xy2z + 8xyz2 + 4xz3 + 9y4 + 4y3z +
11y2z2+10yz3+ z4
0 14 22












x4 + 3x3y+ 7x3z+ 6x2y2− x2yz+ x2z2 + 11xy2z−
xyz2+7xz3+8y4+4y3z+2y2z2+6yz3− z4 1 14 23
f66
x4 + 2x3y+ 5x2y2 + x2yz− x2z2 + 4xy3 + 7xy2z+
4xyz2+5xz3− y4+11y3z+4y2z2+4yz3+5z4 1 16 25
f67
x4 + 5x3y + 7x3z + 7x2y2 − x2yz + 3x2z2 − xy3 +








x4 + 7x3y + 7x3z− x2y2 + 9x2yz + 5x2z2 − xy3 +







3xyz2+6xz3+10y4+5y3z+3y2z2− yz3+ z4 3 14 25
f72
x4 + x3y + 5x3z + x2y2 + 4x2yz + 5x2z2 + 4xy3 +






x4 + 2x3y+ 5x2y2 + x2yz− x2z2 + 4xy3 + 7xy2z+
4xyz2+5xz3− y4+11y3z+4y2z2+4yz3+5z4 1 16 25
f75
x4+4x3y+10x3z+3x2y2+5x2yz+2x2z2+ xy3+











xy2z+5xyz2+10xz3+4y4+5y3z− y2z2+ yz3 1 16 26
f79
x4+9x3y+10x3z+10x2y2+x2z2+6xy3+3xy2z+
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f81
x4 + 11x3y + 3x3z + 6x2y2 + 11x2yz + 7x2z2 +




x4 + x3y + 9x3z + 5x2y2 + 4x2yz− x2z2 + 9xy3 +




x4 + 11x3y + 10x3z + 10x2y2 + 2x2yz + 9x2z2 +




x4 + 11x3y + 10x3z + 7x2y2 + 6x2yz + 11x2z2 −
xy3+9xy2z+ xyz2+7xz3+ y4+ y3z+8y2z2+ yz3
0 15 24
f85




x4 − x3y + 11x3z− x2yz + 7x2z2 − xy3 + 6xy2z +


































x4 + 8x3y + 5x3z + 4x2y2 + 11x2yz + 10xy3 +




x4 + 8x3y + 5x3z + 4x2y2 + 11x2yz + 10xy3 +





6xyz2− y4+2y3z+9y2z2+ yz3+5z4 1 16 28



















x4 − x3y + x3z + 3x2y2 + 6x2yz + 7x2z2 + 4xy3 +
7xyz2+11y4+3y3z− y2z2+7yz3 3 19 30
f102
x4 − x3y + x3z + 3x2y2 + 6x2yz + 7x2z2 + 4xy3 +
7xyz2+11y4+3y3z− y2z2+7yz3 3 19 30
f103
x4 + 10x3y + 10x3z + 11x2y2 + 11x2yz + 3xy3 +




x4 − x3y + 8x3z + 3x2y2 − x2yz + 3x2z2 + 4xy3 +




3x3y + 3x3z + 11x2yz + 4xy3 + 4xy2z + 5xyz2 −
xz3+ y4+7y3z− y2z2 0 15 27
f106

















x4 + 5x3z+ 9x2y2 − x2yz− x2z2 + 4xy3 + 6xy2z+









x4 + x3y+ 2x3z+ 10x2y2 + 11x2yz+ x2z2− xy3 +
xy2z+ 3xyz2 + 3xz3 − y4 + 6y3z+ 8y2z2 + 3yz3 +
10z4
0 15 23
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f113
x4 + 3x3y + 11x3z + 7x2y2 + 3x2yz + 10x2z2 + 10xy3 +
3xy2z+4xz3+11y4+11y3z− y2z2+7yz3+8z4 0 15 27
f114
x4 + 3x3y + 11x3z + 7x2y2 + 3x2yz + 10x2z2 + 10xy3 +
3xy2z+4xz3+11y4+11y3z− y2z2+7yz3+8z4 0 14 27
f115
x4 + x3y+ 11x3z+ 11x2y2 + 9x2yz− x2z2 + 6xy3 + 6xy2z+
8xz3+11y4+ y3z+6y2z2+9yz3− z4 1 16 25
f116




4x3y + 7x3z + 6x2y2 + 2x2yz + x2z2 + 5xy3 + 8xy2z +
11xyz2+7xz3+ y4− y3z+6y2z2+7yz3+6z4 0 17 24
f118




x4 + x3y + 9x3z + 5x2y2 + 4x2yz − x2z2 + 9xy3 + xy2z +
2xyz2+4xz3+6y4+5y3z+ y2z2+9yz3+11z4
0 15 24
5.11 Quartic curves for complete (33;4)-arcs
There are 77 associated quartic curves of the complete (33;4)-arcs. It took 2395 msc. These
curves are divided into 34 curves that do not have inflexion points and 43 curves whose number
I of inflexions is 1,2 or 3. Here, the number |C ∩K | for the 77 quartic curves ranges between
14 and 19 points. Also, the number N1 for these curves is between 21 and 30. It took 4289 msec.
The statistics of the quartic curves are given in Table 5.10.
Table 5.10: Quartic curves for complete (33;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1
x4 + 5x3y+ 8x3z− x2y2 + 11x2yz+ x2z2 + 7xy3 +
2xyz2+6xz3+4y4+2y3z+10y2z2− yz3+ z4 0 14 23
f2
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f6
x4 + 4x3y + x3z + 9x2y2 − x2yz + 3x2z2 + 2xy3 +




x4 + 11x3z + 2x2yz + 9x2z2 + 10xy3 + 4xy2z +
4xyz2+5xz3+6y4− y3z+9y2z2+ yz3+7z4 2 14 25
f8
x4 + 3x3y + 2x2y2 + 10x2yz + 10xy3 + 10xy2z +
3xyz2+7xz3− y4+ y3z+4y2z2+8yz3+5z4 2 14 25
f9
x4 + 6x3z− x2y2 + 4x2yz+ 7xy3 + 5xy2z+ 4xyz2 +
11xz3+10y4− y3z+11y2z2− yz3+10z4 2 14 23
f10
x4 + 6x3y+ 2x3z+ x2y2 + 7x2yz+ 7x2z2 + 3xy2z+
5xyz2+8xz3+6y4+6y3z+7y2z2+3yz3− z4 0 15 25
f11
x4 + 5x3y+ 7x3z+ 9x2y2− x2yz+ x2z2 + 11xy3 +

















y4− y3z+2y2z2+3yz3 0 16 29
f16
x4+8x3y+8x3z+9x2y2+3x2yz+7x2z2+6xy3+
8xyz2+6xz3+3y4+5y2z2+9yz3− z4 0 15 21
f17
x4+2x3y+5x3z+9x2y2− x2yz+7x2z2+10xy3+








x4 − x3y + 10x3z + 11x2y2 + 7x2yz + 7x2z2 +
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f24
x4+11x3y− x3z+4x2y2+8x2yz+7x2z2+8xy3+

































9x3y + 5x3z + 9x2yz + 6x2z2 + 2xy3 + 11xy2z +
6xyz2+ y4+4y3z+11y2z2− yz3+3z4 0 15 22
f33
x4+6x3y+3x3z+8x2yz+9x2z2+2xy3+10xy2z−
xyz2− xz3+ y4+9y3z+10y2z2+7z4 1 14 27
f34
x4+6x3y+3x3z+8x2yz+9x2z2+2xy3+10xy2z−




























9xy2z + 2xyz2 + 5xz3 + 3y4 + 3y3z + 4y2z2 +
11yz3+5z4
3 17 27
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f42










8xyz2+7xz3+ y4+7y3z+5y2z2+9yz3− z4 2 15 23
f45










7x3y + 3x3z + 11x2y2 + 4x2yz + 8x2z2 + 6xy3 +
2xy2z+5xyz2+ y4+2y3z+7y2z2− yz3+9z4 1 18 30
f48
x4 + x3y + 9x3z + 4x2y2 − x2yz + 9x2z2 + 3xy3 −
xy2z+11xyz2+ xz3+6y4− y3z+4yz3+6z4 1 14 23
f49
x4+8x3y+11x3z+7x2y2+3x2yz−x2z2+8xy2z−
xyz2+8xz3+3y4+ y3z+3y2z2− yz3 1 15 22
f50
x4+3x3y+4x3z+5x2z2+10xy3+9xy2z+2xyz2+






x4 − x3y + 5x3z + 7x2y2 + x2yz + x2z2 + 2xy3 +








7x3y + 3x3z + 11x2y2 + 4x2yz + 8x2z2 + 6xy3 +
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f60




























x4 + 4x3y + x3z + 9x2y2 − x2yz + 3x2z2 + 2xy3 +




x4 + 3x3y + 2x2y2 + 10x2yz + 10xy3 + 10xy2z +
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5.12 Quartic curves for complete (34;4)-arcs
From Table 5.11, there are 24 quartic curves; this took 2221 msc. These curves divide into 15
quartic curves that do not have inflexion points and 9 quartic curves that have 1 or 2 inflexion
points. In addition, the number |C ∩K | of rational points of each of the 24 curves on the
corresponding arc ranges between 14 and 17 points. Furthermore, the number N1 of rational
points of the curves ranges between 21 and 30 points. It took 3100 msec.
Table 5.11: Quartic curves for complete (34;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1
x4+11x3y+11x3z+x2yz+9x2z2+5xy3+2xy2z+
















x4 − x3y + 5x3z + 9x2y2 + x2yz + x2z2 + 7xy3 +

























3xy2z+6xyz2− y4+11y3z+4y2z2+3yz3 0 15 24
f12
2x3y + 8x3z + 3x2y2 + 4x2yz + 5x2z2 + 5xy3 +
xy2z+ xyz2+8xz3+ y4+9y2z2+3yz3+6z4
0 17 24
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f13








x4 + 2x3y+ x3z+ 7x2y2 + 5x2yz+ 6x2z2 + 6xy3 + 2xy2z+







2xz3+3y4+4y3z+6y2z2− yz3+3z4 0 15 27
f18



























5.13 Quartic curves for complete (35;4)-arcs
There are 20 quartic curves associated to complete (35;4)-arcs. These curves took 2081 msc.
Among them the number of associated quartic curves of the complete (35;4)-arcs that do not
have inflexion points is 7. These curves are C ( f4), C ( f11), C ( f12), C ( f13), C ( f14), C ( f17)
and C ( f20). Also, there are 13 quartic curves that have 1, 2 or 3 inflexion points. The number
|C ∩K | of rational points of each of the 20 quartic curves on the corresponding arc is ranges
between 14 and 16. Furthermore, the number N1 of rational points of the 20 curves is between 23
and 29. It took 3026 msec. The detailed statistics are given in Table 5.12.
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Table 5.12: Quartic curves for complete (35;4)-arcs
Symbol C ( fi) I |C ∩K | N1
f1
x4 + 7x3y+ 6x3z+ 3x2y2− x2yz+ 9x2z2 + 3xy3 +
















x4 + 3x3y + 2x2y2 + 10x2yz + 10xy3 + 10xy2z +
3xyz2+7xz3− y4+ y3z+4y2z2+8yz3+5z4 2 14 25
f6









5xyz2− xz3+ y4+11y3z+7y2z2+2yz3+3z4 1 16 25
f9
x4+5x3y+8x3z+ x2y2+10x2z2+3xy3+3xy2z+
5xyz2− xz3+ y4+11y3z+7y2z2+2yz3+3z4 1 16 25
f10
x4− x3y+ 11x3z+ 5x2y2 + 6x2yz+ x2z2 + 2xy3 +




x3y + 9x3z + 6x2y2 + 6x2yz + 3x2z2 + 10xy3 +
9xy2z− xz3+7y3z+6y2z2+9yz3 0 15 24
f12
x4−x3y+3x3z+6x2y2+x2yz+x2z2+xy3+xy2z+
8xyz2− xz3+9y4+2y3z+4y2z2− yz3+ z4 0 15 26
f13































8xyz2− xz3+9y4+2y3z+4y2z2− yz3+ z4 0 15 26
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5.14 The algebraic properties of the quartic curve for the com-
plete (36;4)-arc
In Chapter 2, Section 2.37, a new complete (k;4)-arc for k = 36 is investigated. Here, the second
largest size of a complete (k;4)-arc in PG(2,13) is k= 36. The quartic curveC ( f ) of the complete
(36;4)-arc that took 1929 msc has polynomial
f = x4+9x3z+10x2y2+8x2yz+ x2z2+11xy2z+9xyz2+9y4+5y3z− y2z2+3yz3.
This quartic curve does not have inflexion points. Also, the number |C ∩K | of rational points
of C ( f ) on the associated arc is 14 points, while the number N1 of rational points of C ( f ) is 30.
It took 1771 msec. In addition, the group of C ( f ) is Z2. It took 2256 msec. This group partitions
the 30 rational points of C ( f ) into 16 orbits as follows:
{3,63},{5,88},{7},{9,115},{11,34},{21,83},{22,108},{46,176},{55,67},
{85,101},{95,120},{96,159},{109,168},{124,134},{148},{151,154}.
The statistics of the quartic curve C ( f ) of the complete (36;4)-arc are given in Table 5.13.
Table 5.13: Quartic curve for the complete (36;4)-arc
Symbol C ( f ) I |C ∩K | N1 S
f x
4 + 9x3z + 10x2y2 + 8x2yz + x2z2 + 11xy2z +
9xyz2+9y4+5y3z− y2z2+3yz3 0 14 30 Z2
5.15 The algebraic properties of the quartic curve for the com-
plete (38;4)-arc
The largest size of complete (k;4)-arc in PG(2,13) is at least 38 as shown in Chapter 2, Section
2.34. The corresponding quartic curve C (g) of the complete (38;4)-arc that took 1937 msc is
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given by the following polynomial:
g = x4+ x3y+6x3z+2x2y2+10x2yz+ x2z2+9xy3+7xy2z+5xyz2+11y4+6y3z− y2z2+
11yz3+ z4.
Here, C (g) contains one inflexion point. Also the number |C ∩K | of rational points on the
corresponding arc is 14. In addition, the number N1 of rational points of C (g) is 24 points. This
number took 2106 msec. The group S of C (g) is the identity group. It took 2717 msec. This
group splits the 24 points into a number of orbits as follows:
{17},{24},{32},{48},{52},{55},{82},{86},{94},{98},{100},{101},{102},
{136},{141},{148},{152},{154},{155},{158},{164},{166},{168},{175}.
The statistics of the quartic curve C (g) of the complete (38;4)-arc are given in the following
table:
Table 5.14: Quartic curve for the complete (38;4)-arc
Symbol C (g) I |C ∩K | N1 S
g x
4 + x3y+ 6x3z+ 2x2y2 + 10x2yz+ x2z2 + 9xy3 +
7xy2z+5xyz2+11y4+6y3z− y2z2+11yz3+ z4 1 14 24 I
5.16 Quartic curves and the Hasse–Weil–Serre bound
In Chapter 1, Section 1.7.8, the Hasse–Weil–Serre bound states that the number N1 of rational
points of the algebraic curve C over Fq satisfies the following inequality:
|N1− (q+1)| ≤ gb2√qc ,
where g is the genus of the curve C .
This upper bound over the finite field F13 is 32. In this section, there are two examples of algebraic
quartic curves attaining the Hasse–Weil–Serre bound. These curves are associated to the complete
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(32;4)-arcsK ′1 andK
′
2 . These complete arcs are given as follows:
(1) K ′1 = {1,2,3,88,9,21,12,38,42,64,65,74,76,79,95,97,102,110,118,121,125,127,129,
141,145,147,149,151,157,165,175,180};
(2) K ′2 = {1,2,3,88,22,145,4,5,7,8,28,40,47,48,58,61,75,78,86,97,100,108,111,127,137,
156,163,166,167,169,178,179}.
The corresponding quartic curves ofK ′1 andK
′
2 that took 1953 msc are as follows:
(1) g′1 = x
3y+ x3z+6x2y2+8x2yz+10xy3+8xy2z− xyz2+4xz3+2y3z+11y2z2+2yz3;
(2) g′2 = x
3y+6x3z− x2z2+5xy3+6xy2z+7xyz2− xz3+10y3z+ y2z2+5yz3.
Both the curves C (g′1) and C (g
′
2) have no inflexions. The number of rational points |V (g′1)∩K ′1 |
and |V (g′2)∩K ′2 | that lie onK ′1 andK ′2 is 32. Also, the number N1 of rational points on C (g′1)




2 have sd-inequivalent classes Nc
of secant distribution {t4, t3, t2, t1, t0} as follows:
{72,0,64,32,15},{65,20,46,36,16}.
In addition, the stabiliser group S of C (g′1) is ((Z4× Z4)o Z3)o Z2. It took 2763 msec. This
group permutes the 32 rational points of C (g′1) in one orbit:
Orb1(C (g′1)) = {1,2,129,38,147,42,3,110,64,127,74,125,97,149,157,141,76,9,65,79,121,
175,151,118,21,95,12,165,102,145,88,180}.
Also, the group S of C (g′2) is D4. It took 2211 msec. This group partitions the 32 points of C (g
′
2)
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Orb5(g′2) = {28,61,163,156,58,75,78,167}.
The statistics of the quartic curves C (g′1) and C (g
′
2) are given in Table 5.15.
Table 5.15: Algebraic statistics of C (g′1) and C (g
′
2)
Symbol C (g′i) I |C ∩K | N1 S
g′1
x3y + x3z + 6x2y2 + 8x2yz + 10xy3 +




0 32 32 D4
Chapter 6
Classification of (k;4)-arcs up to projective
inequivalence, for k < 10
6.1 Introduction
In this chapter, the classification of (k;4)-arcs up to projective inequivalence for k< 10 in PG(2,13)
is established. The strategy is to start from the projective line PG(1,13) where there are three pro-
jectively inequivalent tetrads. Then this classification is continued to discover if there is a new
size of sd-inequivalent (k;4)-arcs for k> 38. The approach here is done by extending each of the
36 sd-inequivalent (10;4)-arcs found to a desired length.
6.2 Projectively inequivalent (4;4)-arcs
In this classification, the number of tetrads is constructed by fixing a triad, U1 = {1,2,9}. There
are eleven tetrads containingU1. The lexicographically least sets in the G-orbits of tetrads, where
G = PGL(2,13) took 2104 msec. Then among these canonical sets there are three projectively
inequivalent tetrads; this took 1699 msec. Also, the three tetrads have sd-equivalent secant dis-
tribution. It took 1734. The statistics are shown in Table 6.1.
158
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Table 6.1: Projectively inequivalent tetrads




Theorem 6.1. In PG(1,13), there are exactly three projectively inequivalent tetrads.
Remark
Theoretically, there are three inequivalent types of tetrad in PG(1,13). The three types are the har-
monic tetrad denoted by H, the equianharmonic tetrad denoted by E, and the tetrad that is neither
harmonic nor equianharmonic tetrad denoted by N. These tetrads are determined according to
their cross ratios, where for the harmonic tetrad the cross ratio is−1,2, or −6. Also, it is−3 or 4
for the equianharmonic tetrad. Then, for the tetrad that is neither harmonic nor equianharmonic
it is one of the values −2,3,−4,5,−5,6.
6.3 Projectively inequivalent (5;4)-arcs
The (5;4)-arcs are constructed by adding all the points from the plane, PG(2,13), which are
not on the line to each inequivalent tetrad given in Table 6.1. So, the constructed number of
(5;4)-arcs is 507. The lexicographically least set images of the 507 (5;4)-arcs are computed.
This shows that the number Φ4 of projectively inequivalent (5;4)-arcs is three. The three (5;4)-
arcs all have the same secant distribution, that is, {1,0,4,58,120}. In addition, the stabiliser of
each of the three projectively inequivalent (5;4)-arcs is Z3× ((Z4×Z4)oZ2), Z3× (Z8oZ2),
Z3× (SL(2,3)oZ2). The statistics are given in the following tables:
Table 6.2: Projectively inequivalent (5;4)-arcs
Number Φ4 Stabiliser {t4, t3, t2, t1, t0}
1 {1,2,9,83,3} Z3× ((Z4×Z4)oZ2) {1,0,4,58,120}
2 {1,2,9,21,3} Z3× (Z8oZ2) {1,0,4,58,120}
3 {1,2,9,115,3} Z3× (SL(2,3)oZ2) {1,0,4,58,120}
Theorem 6.2. In PG(2,13), there are exactly three projectively inequivalent (5;4)-arcs.
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Table 6.3: Points added
Tetrad Points added
1 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50,
51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73,
74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87, 88, 90, 91, 92, 93, 94, 95, 96, 97, 98,
99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 116, 117,
118, 120, 121, 122, 123, 124, 125, 126, 127, 129, 130, 131, 132, 134, 135, 136, 137, 138,
139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157,
158, 159, 160, 162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176,
177, 178, 179, 180, 181, 183
2 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50,
51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73,
74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87, 88, 90, 91, 92, 93, 94, 95, 96, 97, 98,
99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 116, 117,
118, 120, 121, 122, 123, 124, 125, 126, 127, 129, 130, 131, 132, 134, 135, 136, 137, 138,
139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157,
158, 159, 160, 162, 163, 164, 165, 166, 167,168, 169, 170, 171, 172, 173, 174, 175, 176,
177, 178, 179, 180, 181, 183
3 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39,40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50,
51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73,
74, 75, 76, 77, 78, 79, 80, 81, 82, 84, 85, 86, 87, 88,90, 91, 92, 93, 94, 95, 96, 97, 98,
99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 116, 117,
118, 120, 121, 122, 123, 124, 125, 126, 127, 129, 130, 131, 132, 134, 135, 136, 137, 138,
139, 140, 141, 142, 143, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157,
158, 159, 160, 162, 163, 164, 165, 166, 167,168, 169, 170, 171, 172, 173, 174, 175, 176,
177, 178, 179, 180, 181, 183
Remark
The stabiliser groups in Table 6.2 split the associated projectively inequivalent (5;4)-arcs into 2
orbits. They are given as follows.
(1) The group Z3×((Z4×Z4)oZ2) partitions the (5;4)-arc {1,2,9,83,3} into 2 orbits {1,9,2,83},
{3}.
(2) The group Z3× (Z8oZ2) splits the (5;4)-arc {1,2,9,21,3} into 2 orbits {1,9,2,21},{3}.
(3) The group Z3×(SL(2,3)oZ2) divides the (5;4)-arc {1,2,9,115,3} into 2 orbits {1,2,115,9},
{3}.
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6.4 Projectively inequivalent (6;4)-arcs
In Table 6.2, for each projectively inequivalent (5;4)-arc the points from the plane which are
not on any 4-secant are added to construct the (6;4)-arcs. Therefore, the number of (6;4)-arcs
that constructed is 504. Among the 504 (6;4)-arcs the lexicographically least set image and the
stabiliser are calculated. So, the number Φ4 of projectively inequivalent (6;4)-arcs is 10. Also,
the secant distribution {t4, t3, t2, t1, t0} for each of the 10 projectively inequivalent (6;4)-arcs is
computed. It shows that there are only two sd-inequivalent classes Nc of secant distributions. The
statistics of the 10 projectively inequivalent (6;4)-arcs are given in the following tables:
Table 6.4: Projectively inequivalent (6;4)-arcs
Number Φ4 Stabiliser Orbits
1 {1,2,9,83,3,4} Z2×Z2 {1},{2},{3,4},{9,83}
2 {1,2,9,21,3,4} Z2 {1},{2},{3,4},{9},{21}
3 {1,2,9,115,3,4} Z6 {1},{2,115,9},{3,4}
4 {1,2,9,83,3,8} Z4×Z2 {1,9,2,83},{3,8}
5 {1,2,9,21,3,5} Z2 {1},{2},{3,5},{9},{21}
6 {1,2,9,21,3,12} Z2 {1},{2},{3,12},{9},{21}
7 {1,2,9,21,3,14} Z2×Z2 {1,2},{3,14},{9,21}
8 {1,2,9,83,3,5} Z2 {1},{2},{3,5},{9},{83}
9 {1,2,9,115,3,7} Z2×Z2 {1,115},{2,9},{3,7}
10 {1,2,9,115,3,5} Z6 {1},{2,115,9},{3,5}
Table 6.5: Nc of {t4, t3, t2, t1, t0} of projectively inequivalent (6;4)-arcs
Number Nc Number of Nc
1 { 1, 1, 6, 65, 110 } 3
2 { 1, 0, 9, 62, 111 } 7
Theorem 6.3. In PG(2,13), there are exactly ten projectively inequivalent (6;4)-arcs.
6.5 Projectively inequivalent (7;4)-arcs
In this process, the constructed number of (7;4)-arcs is 1670. According to their lexicographically
least set images, the number of projectively inequivalent (7;4)-arcs is 207. Among the 207 arcs,
there are eleven types of the stabiliser groups. In addition, the secant distribution {t4, t3, t2, t1, t0}
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of each of the (7;4)-arcs is also computed. It shows that there are five sd-inequivalent classes of
secant distributions. The statistics are given in Tables 6.6 and 6.7.






















































































































































































































Table 6.7: Nc of {t4, t3, t2, t1, t0} of projectively inequivalent (7;4)-arcs
Number Nc Number of Nc
1 { 1, 0, 15, 64, 103 } 62
2 { 1, 1, 12, 67, 102 } 106
3 { 1, 2, 9, 70, 101 } 30
4 { 1, 3, 6, 73, 100 } 3
5 { 2, 0, 9, 72, 100 } 6
Theorem 6.4. In PG(2,13), there are exactly 207 projectively inequivalent (7;4)-arcs.
Remark
In Table 6.6, there are 11 types of the stabiliser groups as follows:
I, Z2, Z3, Z4, Z6, D4, Z3×S3, Z4×Z2, Z12, Z2×Z2, Z3×Z3.
These stabiliser groups of order at least two divide their corresponding projectively inequivalent
(7;4)-arcs into a number of orbits. All orbits of these groups are listed in Table 6.8.
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6.6 Projectively inequivalent (8;4)-arcs
In PG(2,13), the number of projectively inequivalent (8;4)-arcs is 7399. The stabliser groups of
7399 projectively inequivalent (8;4)-arcs are as follows:
I, Z2, Z3, Z4, Z6, Z12, Z2×Z2, Z4×Z2, (Z4×Z4)oZ2, Z3×S3, D4.
The number of these groups is listed in Table 6.9. Also, the 7399 projectively inequivalent (8;4)-
arcs have eleven sd-inequivalent classes of secant distributions as shown in Table 6.10.
Table 6.9: Group statistics of the projectively inequivalent (8;4)-arcs












Note that the groups of order at least eight are as follows:
Z4×Z2, Z12, (Z4×Z4)oZ2, Z3×S3.
These groups partition the associated projectively inequivalent (8;4)-arcs into a number of orbits
as shown below.
(1) The group Z12 splits the (8;4)-arc {1,2,9,83,3,8,57,19} into 3 orbits of sizes 4,3,1. They
are {1,9,2,83},{3,8,57},{19}.
(2) The group Z4×Z2 partitions the (8;4)-arcs {1,2,9,83,3,8,60,19} and {1,2,9,83,3,8,57,59}
into 3 orbits. They are {{1,9,2,83},{3,60},{8,19}} and {{1,9,2,83},{3,59},{8,57}}.
(3) The group (Z4×Z4)oZ2 divides the (8;4)-arc {1,2,9,83,3,8,19,59} into one orbit, that is,
{1,2,3,19,8,83,59,9}.
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(4) The group Z3× S3 separates the (8;4)-arc {1,2,9,115,3,5,6,132} into two orbits of sizes
2,6. Thay are {{1,5},{2,6,9,115,132,3}}.
Table 6.10: Nc of {t4, t3, t2, t1, t0} of projectively inequivalent (8;4)-arcs
Number Nc Number of Nc
1 { 1, 0, 22, 64, 96 } 534
2 { 1, 1, 19, 67, 95 } 2272
3 { 1, 2, 16, 70, 94 } 2905
4 { 1, 3, 13, 73, 93 } 1188
5 { 2, 0, 16, 72, 93 } 146
6 { 1, 4, 10, 76, 92 } 182
7 { 2, 1, 13, 75, 92 } 128
8 { 1, 5, 7, 79, 91 } 10
9 { 2, 2, 10, 78, 91 } 30
10 { 1, 6, 4, 82, 90 } 1
11 { 2, 3, 7, 81, 90 } 3
Theorem 6.5. In PG(2,13), there are exactly 7399 projectively inequivalent (8;4)-arcs.
6.7 Projectively inequivalent (9;4)-arcs
In PG(2,13), the number of projectively inequivalent (9;4)-arcs is 222536 according to the in-
equivalent lexicographically least set in the G-orbit of each (9;4)-arc. These arcs have one of the
groups I, Z2, Z3, Z4, Z6, Z2×Z2, Z4×Z2, D4, S3, S4, A4. In addition, the secant distribution
of each of the 222536 projectively inequivalent arcs is calculated. There are 21 sd-inequivalent
classes of secant distributions of the projectively inequivalent (9;4)-arcs. The statistics are given
in Tables 6.11, 6.12, and 6.13.
Table 6.11: Group statistics of the projectively inequivalent (9;4)-arcs
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Remark
In Table 6.11, the large groups of order at least 4 are Z4, Z6, Z4×Z2, S3, S4, D4, A4. The action
of these groups is shown in the following table:
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Table 6.13: Nc of {t4, t3, t2, t1, t0} of projectively inequivalent (9;4)-arcs
Number Nc Number of Nc
1 { 1, 0, 30, 62, 90 } 1199
2 { 1, 1, 27, 65, 89 } 13688
3 { 1, 2, 24, 68, 88 } 50341
4 { 1, 3, 21, 71, 87 } 74174
5 { 2, 0, 24, 70, 87 } 1776
6 { 1, 4, 18, 74, 86 } 47139
7 { 2, 1, 21, 73, 86 } 7227
8 { 2, 2, 18, 76, 85 } 8259
9 { 1, 5, 15, 77, 85 } 12848
10 { 1, 6, 12, 80, 84 } 1487
11 { 2, 3, 15, 79, 84 } 3388
12 { 3, 0, 18, 78, 84 } 182
13 { 1, 7, 9, 83, 83 } 68
14 { 2, 4, 12, 82, 83 } 518
15 { 3, 1, 15, 81, 83 } 151
16 { 1, 8, 6, 86, 82 } 2
17 { 2, 5, 9, 85, 82 } 39
18 { 3, 2, 12, 84, 82 } 42
19 { 2, 6, 6, 88, 81 } 2
20 { 3, 3, 9, 87, 81 } 5
21 { 3, 4, 6, 90, 80 } 1
Theorem 6.6. In PG(2,13), there are exactly 222536 projectively inequivalent (9;4)-arcs.
6.8 Projectively inequivalent (10;4)-arcs
The number of (10;4)-arcs is paralleled into 5 processes; each took 6 : 22 : 54 : 11, 4 : 15 :
36 : 77, 5 : 09 : 28 : 12, 5 : 12 : 40 : 46, 3 : 21 : 52 : 13 of CPU time respectively for the con-
struction. Then according to the canonical images of the (10;4)-arcs found from 4 processes,
there are at least 5268378 projectively inequivalent (10;4)-arcs. This took 2403232618 msc.
The 5268378 arcs have 36 sd-inequivalent classes Nc of i-secant distributions as listed in Table
6.14. The total time is 1726578 msc where it was computed in six processes. Then according
to the number of Nc there are 36 sd-inequivalent (10;4)-arcs, which have five types of stabilisers
I, Z2× Z2, Z2, S3, Z3× S3. The timing of these groups was 3633 msec. The statistics of the
sd-inequivalent (10;4)-arcs are given in Table 6.15.
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Table 6.14: Nc of {t4, t3, t2, t1, t0} of projectively inequivalent (10;4)-arcs
Number Nc Number of Nc
1 {1, 7, 18, 79, 78 } 192599
2 {1, 0, 39, 58, 85 } 661
3 {1, 1, 36, 61, 84 } 15664
4 {1, 2, 33, 64, 83 } 145027
5 {1, 3, 30, 67, 82 } 592731
6 {1, 4, 27, 70, 81 } 1227187
7 {1, 5, 24, 73, 80 } 1322219
8 {1, 6, 21, 76, 79 } 719144
9 {1, 8, 15, 82, 77 } 24434
10 {1, 9, 12, 85, 76 } 1399
11 {1, 10, 9, 88, 75 } 31
12 {1, 11, 6, 91, 74 } 3
13 {2, 0, 33, 66, 82 } 4572
14 {2, 1, 30, 69, 81 } 52934
15 {2, 2, 27, 72, 80 } 207496
16 {2, 3, 24, 75, 79 } 344994
17 {2, 4, 21, 78, 78 } 255989
18 {2, 5, 18, 81, 77 } 87359
19 {2, 6, 15, 84, 76 } 13784
20 {2, 7, 12, 87, 75 } 954
21 {2, 8, 9, 90, 74 } 38
22 {2, 10, 3, 96, 72 } 1
23 {3, 0, 27, 74, 79 } 3944
24 {3, 1, 24, 77, 78 } 17244
25 {3, 2, 21, 80, 77 } 22990
26 {3, 3, 18, 83, 76 } 11598
27 {3, 4, 15, 86, 75 } 2477
28 {3, 5, 12, 89, 74 } 257
29 {3, 6, 9, 92, 73 } 12
30 {3, 7, 6, 95, 72 } 2
31 {4, 0, 21, 82, 76 } 222
32 {4, 1, 18, 85, 75 } 297
33 {4, 2, 15, 88, 74 } 97
34 {4, 3, 12, 91, 73 } 13
35 {4, 4, 9, 94, 72 } 2
36 {5, 0, 15, 90, 73 } 3
Theorem 6.7. In PG(2,13), there are at least 5268378 projectively inequivalent (10;4)-arcs.
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Table 6.15: sd-inequivalent (10;4)-arcs
Symbol (10;4)-arc {t4, t3, t2, t1, t0} Stabiliser
K ′1 {1,2,9,83,3,4,57,6,166,8} {1,7,18,79,78} I
K ′2 {1,2,9,83,3,8,17,40,72,78} {1,0,39,58,85} I
K ′3 {1,2,9,83,3,4,6,50,67,63} {1,1,36,61,84} I
K ′4 {1,2,9,83,3,4,57,166,99,40} {1,2,33,64,83} I
K ′5 {1,2,9,83,3,4,57,6,107,18} {1,3,30,67,82} I
K ′6 {1,2,9,83,3,4,57,6,166,33} {1,4,27,70,81} I
K ′7 {1,2,9,83,3,4,57,6,166,16} {1,5,24,73,80} I
K ′8 {1,2,9,115,3,4,5,6,7,8} {1,6,21,76,79} I
K ′9 {1,2,9,115,3,4,5,6,7,90} {1,8,15,82,77} I
K ′10 {1,2,9,83,3,4,5,129,137,178} {1,9,12,85,76} I
K ′11 {1,2,9,83,3,4,5,129,178,104} {1,10,9,88,75} I
K ′12 {1,2,9,83,3,4,5,30,37,51} {1,11,6,91,74} Z2×Z2
K ′13 {1,2,9,83,3,4,6,11,167,33} {2,0,33,66,82} I
K ′14 {1,2,9,83,3,4,57,166,11,33} {2,1,30,69,81} I
K ′15 {1,2,9,83,3,4,57,6,11,18} {2,2,27,72,80} I
K ′16 {1,2,9,83,3,4,57,6,166,7} {2,3,24,75,79} I
K ′17 {1,2,9,83,3,4,57,6,166,17} {2,4,21,78,78} I
K ′18 {1,2,9,83,3,4,57,6,166,87} {2,5,18,81,77} I
K ′19 {1,2,9,83,3,4,57,6,166,163} {2,6,15,84,76} I
K ′20 {1,2,9,83,3,4,5,129,137,37} {2,7,12,87,75} I
K ′21 {1,2,9,83,3,4,5,129,68,11} {2,8,9,90,74} Z2
K ′22 {1,2,9,115,3,4,18,183,35,39} {2,10,3,96,72} Z3×S3
K ′23 {1,2,9,83,3,4,57,166,11,51} {3,0,27,74,79} I
K ′24 {1,2,9,83,3,4,57,6,11,17} {3,1,24,77,78} Z2
K ′25 {1,2,9,83,3,4,57,6,113,77} {3,2,21,80,77} I
K ′26 {1,2,9,83,3,4,5,129,137,87} {3,3,18,83,76} I
K ′27 {1,2,9,83,3,4,57,142,131,163} {3,4,15,86,75} I
K ′28 {1,2,9,83,3,4,57,6,95,163} {3,5,12,89,74} I
K ′29 {1,2,9,83,3,4,5,129,51,37} {3,6,9,92,73} I
K ′30 {1,2,9,83,3,4,5,51,37,122} {3,7,6,95,72} S3
K ′31 {1,2,9,83,3,4,57,166,38,160} {4,0,21,82,76} I
K ′32 {1,2,9,83,3,4,57,6,153,91} {4,1,18,85,75} I
K ′33 {1,2,9,83,3,4,57,142,163,96} {4,2,15,88,74} I
K ′34 {1,2,9,83,3,4,5,129,112,39} {4,3,12,91,73} I
K ′35 {1,2,9,83,3,4,5,129,37,11} {4,4,9,94,72} Z2
K ′36 {1,2,9,21,3,4,37,91,90,178} {5,0,15,90,73} Z2
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6.9 Complete (38;4)-arcs from the sd-inequivalent (10;4)-arcs
In Table 6.15, there are 36 sd-inequivalent (10;4)-arcs together with the corresponding sd-inequivalent
classes of the i-secant distributions. Among these 36 sd-inequivalent arcs, there are two new sd-
inequivalent classes of secant distributions given as follows:
{2,10,3,96,72},{5,0,15,90,73}.
These sd-inequivalent classes did not appear in the process of sd-inequivalent (10;4)-arcs in
Chapter 2, Section 2.6, where in Table 2.11 the number of sd-inequivalent classes of secant
distributions {t4, t3, t2, t1, t0} is 34. Therefore, at this stage of the classification the 36-arcs of
Table 6.15 have been extended. The aim of this process is to discover if there is a new complete
(k;4)-arc in PG(2,13) for k > 38. The result of this process is a complete (38;4)-arc K ′ . This
complete arc is comes from the sd-inequivalent (10;4)-arc K ′8 . The complete (38;4)-arc is as
follows:
K ′= {1,2,9,115,3,4,5,6,7,8,10,19,25,60,74,98,107,78,130,27,106,69,116,46,63,126,99,
51,81,65,52,176,88,92,53,181,169,178}. The properties ofK ′ are given in Table 6.16.
Table 6.16: Complete (38;4)-arc in PG(2,13)
Symbol Complete (38;4)-arc Stabiliser {t4, t3, t2, t1, t0}
K ′ {1,2,9,115,3,4,5,6,7,8,10,19,25,60,74, D12 {102,24,19,14,24}
98, 107, 78, 130, 27, 106, 69, 116, 46, 63, 126, 99, 51,
81,65,52,176,88,92,53,181,169,178}
Remark
In Table 6.17, The classification timings of the projectively inquivalent (k;4)-arcs for k = 5, . . . ,9
are given.
Table 6.17: Timing (msec) of projectively inequivalent (k;4)-arcs for k = 5, . . . ,9
(k;4)-arcs Construction Lexicographically least sets {t4, t3, t2, t1, t0} Stabilisers
(5;4)-arcs 2011 2134 2193 2181
(6;4)-arcs 2138 2168 2329 2230
(7;4)-arcs 2516 2201 2999 3615
(8;4)-arcs 26606 711630 19554 80338
(9;4)-arcs 22729912 32126643 176130 3848131
Chapter 7
The classification of certain sd-inequivalent
(k;6)-arcs in PG(2,13)
In this chapter, some results on the classification of certain sd-inequivalent (k;6)-arcs in PG(2,13)
for the values of k = 9, . . . ,25 are given. The programming tool used in this computation is GAP.
The approach that has been used to establish certain sd-inequivalent (k;6)-arcs for the values of
k= 9, . . . ,25 is the method used in Chapter 2, Section 2.3. The approach to the classification starts
by fixing a certain (8;6)-arc of eight points where an arc in this set contains six collinear points
from a particular line of the 183 lines in PG(2,13). This set is S1 = {1,2,3,88,9,21,83,89}. The
i-secant distribution of this (8;6)-arc is as follows:
{t6, t5, t4, t3, t2, t1, t0}= {1,0,0,0,13,80,89}.
Also, the stabiliser group of S1 is Z2.
7.1 sd-inequivalent (9;6)-arcs
The (9;6)-arcs are constructed by adding all the points from the plane, PG(2,13), which do not
lie on any 6-secant to S1. The constructed number of (9;6)-arcs is 167 and the number of sd-
inequivalent (9;6)-arcs is three, each having the identity group. The statistics are given in Table
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7.1.
Table 7.1: sd-inequivalent (9;6)-arcs
Symbol sd-inequivalent (9;6)-arc {t6, t5, t4, t3, t2, t1, t0} Stabiliser
A1 {1,2,3,88,9,21,83,89,4} {1,0,0,1,18,81,82} I
A2 {1,2,3,88,9,21,83,89,5} {1,0,0,0,21,78,83} I
A3 {1,2,3,88,9,21,83,89,23} {1,0,0,2,15,84,81} I
Theorem 7.1. In PG(2,13), there are at least three sd-inequivalent (9;6)-arcs.
7.2 sd-inequivalent (10;6)-arcs
For each (9;6)-arc constructed, the points from the plane which are not on any 6-secant to each
of the (9;6)-arcs A1,A2, andA3 are added. The constructed number of (10;6)-arcs is 498 while
the number of sd-inequivalent (10;6)-arcs is 9. Also, the values of ti of the secant distributions of
the sd-inequivalent (10;6)-arcs are as follows:
t6 = 1, t5 = 0, t4 ∈ {0,1}, t3 ∈ {0, . . . ,5}, t2 ∈ {15, . . . ,30},
t1 ∈ {74, . . . ,89}, t0 ∈ {73, . . . ,78}.
The notation S in Table 7.2 stands for the stabiliser groups of sd-inequivalent (10;6)-arcs while
w stands for the number of these groups and similarly in each associated statistics table for k =
11,12, . . . ,25 respectively.
Table 7.2: sd-inequivalent (10;6)-arcs
sd-inequivalent (10;6)-arcs S : w
9 I : 9
Theorem 7.2. In PG(2,13), there are at least nine sd-inequivalent (10;6)-arcs.
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7.3 sd-inequivalent (11;6)-arcs
In this process, there are 1485 (11;6)-arcs found including 24 sd-inequivalent (11;6)-arcs. Also,
the values of ti of the secant distributions of the sd-inequivalent (11;6)-arcs are as follows:
t6 = 1, t5 ∈ {0,1}, t4 ∈ {0, . . . ,2}, t3 ∈ {0, . . . ,8},
t2 ∈ {16, . . . ,40}, t1 ∈ {68, . . . ,94}, t0 ∈ {65, . . . ,74}.
Table 7.3: sd-inequivalent (11;6)-arcs
sd-inequivalent (11;6)-arcs S : w
24 I : 24
Theorem 7.3. In PG(2,13), there are at least 24 sd-inequivalent (11;6)-arcs.
7.4 sd-inequivalent (12;6)-arcs
In this process, there are 3936 (12;6)-arcs found. Among them the number of sd-inequivalent
(12;6)-arcs is 54. Also, the values of ti of the secant distributions of the sd-inequivalent (12;6)-
arcs are as follows:
t6 ∈ {1,2}, t5 ∈ {0,1}, t4 ∈ {0, . . . ,3}, t3 ∈ {0, . . . ,11},
t2 ∈ {18, . . . ,48}, t1 ∈ {63, . . . ,99}, t0 ∈ {57, . . . ,70}.
The statistics are given in Table 7.4.
Table 7.4: sd-inequivalent (12;6)-arcs
sd-inequivalent (12;6)-arcs S : w
54 I : 53, Z2 : 1
Theorem 7.4. In PG(2,13), there are at least 54 sd-inequivalent (12;6)-arcs.
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7.5 sd-inequivalent (13;6)-arcs
In this process, among the 8762 (13;6)-arcs found, there are 114 sd-inequivalent (13;6)-arcs; all
have the identity group. Also, the values of ti of the secant distributions of the sd-inequivalent
(13;6)-arcs are as follows:
t6 ∈ {1,2}, t5 ∈ {0, . . . ,2}, t4 ∈ {0, . . . ,5}, t3 ∈ {0, . . . ,15},
t2 ∈ {18, . . . ,54}, t1 ∈ {59, . . . ,103}, t0 ∈ {50, . . . ,66}.
The statistics are given in Table 7.5.
Table 7.5: sd-inequivalent (13;6)-arcs
sd-inequivalent (13;6)-arcs S : w
114 I : 114
Theorem 7.5. In PG(2,13), there are at least 114 sd-inequivalent (13;6)-arcs.
7.6 sd-inequivalent (14;6)-arcs
There are 18344 (14;6)-arcs found including 228 sd-inequivalent (14;6)-arcs. The stabiliser
groups of the 228 arcs are I and Z2. Also, the values of ti of the secant distributions of the
sd-inequivalent (14;6)-arcs are as follows:
t6 ∈ {1,2}, t5 ∈ {0, . . . ,2}, t4 ∈ {0, . . . ,7}, t3 ∈ {0, . . . ,19},
t2 ∈ {16, . . . ,61}, t1 ∈ {53, . . . ,107}, t0 ∈ {43, . . . ,63}.
The statistics are given in Table 7.6.
Table 7.6: sd-inequivalent (14;6)-arcs
sd-inequivalent (14;6)-arcs S : w
228 I : 224, Z2 : 4
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Theorem 7.6. In PG(2,13), there are at least 228 sd-inequivalent (14;6)-arcs.
7.7 sd-inequivalent (15;6)-arcs
In this process, there are 36325 (15;6)-arcs found including 428 sd-inequivalent (15;6)-arcs. The
stabiliser groups of these arcs are I and Z2. In addition, the values of ti of the secant distributions
of these arcs are as follows:
t6 ∈ {1, . . . ,3}, t5 ∈ {0, . . . ,3}, t4 ∈ {0, . . . ,8}, t3 ∈ {0, . . . ,23},
t2 ∈ {15, . . . ,68}, t1 ∈ {48, . . . ,109}, t0 ∈ {36, . . . ,60}.
The statistics are given in Table 7.7.
Table 7.7: sd-inequivalent (15;6)-arcs
sd-inequivalent (15;6)-arcs S : w
428 I : 425, Z2 : 3
Theorem 7.7. In PG(2,13), there are at least 428 sd-inequivalent (15;6)-arcs.
7.8 sd-inequivalent (16;6)-arcs
In this process, among the 67445 (16;6)-arcs found, the number of sd-inequivalent (16;6)-arcs
is 783. These arcs have two types of the stabiliser groups; they are: I and Z2. In addition, the
values of ti of the secant distributions of these arcs are as follows:
t6 ∈ {1, . . . ,3}, t5 ∈ {0, . . . ,4}, t4 ∈ {0, . . . ,11}, t3 ∈ {0, . . . ,27},
t2 ∈ {15, . . . ,76}, t1 ∈ {43, . . . ,112}, t0 ∈ {30, . . . ,57}.
The statistics are given in Table 7.8.
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Table 7.8: sd-inequivalent (16;6)-arcs
sd-inequivalent (16;6)-arcs S : w
783 I : 775, Z2 : 8
Theorem 7.8. In PG(2,13), there are at least 783 sd-inequivalent (16;6)-arcs.
7.9 sd-inequivalent (17;6)-arcs
There are 1318 sd-inequivalent (17;6)-arcs. In addition, the values of ti of the secant distributions
of the sd-inequivalent (17;6)-arcs are as follows:
t6 ∈ {1, . . . ,3}, t5 ∈ {0, . . . ,5}, t4 ∈ {0, . . . ,13}, t3 ∈ {0, . . . ,32},
t2 ∈ {15, . . . ,81}, t1 ∈ {38, . . . ,115}, t0 ∈ {25, . . . ,57}.
The statistics are given in Table 7.9.
Table 7.9: sd-inequivalent (17;6)-arcs
sd-inequivalent (17;6)-arcs S : w
1318 I : 1306, Z2 : 12
Theorem 7.9. In PG(2,13), there are at least 1318 sd-inequivalent (17;6)-arcs.
7.10 sd-inequivalent (18;6)-arcs
The number of sd-inequivalent (18;6)-arcs is 2165. Here, there are five types of the stabiliser
groups they are I, Z2, Z2×Z2, Z3, Z4. The statistics are shown in Table 7.10.
Table 7.10: sd-inequivalent (18;6)-arcs
sd-inequivalent (18;6)-arcs S : w
2165 I : 2147, Z2 : 14, Z2×Z2 : 2, Z3 : 1,Z4 : 1
Theorem 7.10. In PG(2,13), there are at least 2165 sd-inequivalent (18;6)-arcs.
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7.11 sd-inequivalent (19;6)-arcs
Here, the number of sd-inequivalent (19;6)-arcs is 3391. The statistics are shown in Table 7.11.
Table 7.11: sd-inequivalent (19;6)-arcs
sd-inequivalent (19;6)-arcs S : w
3391 I : 3369, Z2 : 21, D4 : 1
Theorem 7.11. In PG(2,13), there are at least 3391 sd-inequivalent (19;6)-arcs.
7.12 sd-inequivalent (20;6)-arcs
In this process, the number of sd-inequivalent (20;6)-arcs is 5157. The stabilisers of these arcs
are I, Z2, Z2×Z2. The statistics are shown in Table 7.12.
Table 7.12: sd-inequivalent (20;6)-arcs
sd-inequivalent (20;6)-arcs S : w
5157 I : 5137, Z2 : 19, Z2×Z2 : 1
Theorem 7.12. In PG(2,13), there are at least 5157 sd-inequivalent (20;6)-arcs.
7.13 sd-inequivalent (21;6)-arcs
The number of sd-inequivalent (21;6)-arcs is 7580. The statistics are shown in Table 7.13.
Table 7.13: sd-inequivalent (21;6)-arcs
sd-inequivalent (21;6)-arcs S : w
7580 I : 7545, Z2 : 28, Z2×Z2 : 2, Z4 : 1, Z3 : 3, D4 : 1
Theorem 7.13. In PG(2,13), there are at least 7580 sd-inequivalent (21;6)-arcs.
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7.14 sd-inequivalent (22;6)-arcs
Here, the number of sd-inequivalent (22;6)-arcs is 10743. The statistics are shown in Table 7.14.
Table 7.14: sd-inequivalent (22;6)-arcs
sd-inequivalent (22;6)-arcs S : w
10743 I : 10706, Z2 : 35, Z3 : 1, Z4 : 1
Theorem 7.14. In PG(2,13), there are at least 10743 sd-inequivalent (22;6)-arcs.
7.15 sd-inequivalent (23;6)-arcs
In this process, the number of sd-inequivalent (23;6)-arcs is 14777. The statistics are given in
Table 7.15.
Table 7.15: sd-inequivalent (23;6)-arcs
sd-inequivalent (23;6)-arcs S : w
14777 I : 14721, Z2 : 53, Z2×Z2 : 3
Theorem 7.15. In PG(2,13), there are at least 14777 sd-inequivalent (23;6)-arcs.
7.16 sd-inequivalent (24;6)-arcs
There are 19941 sd-inequivalent (24;6)-arcs. The statistics are given in Table 7.16.
Table 7.16: sd-inequivalent (24;6)-arcs
sd-inequivalent (24;6)-arcs S : w
19941 I : 19899, Z2 : 38, Z2×Z2 : 1, Z3 : 2,S3 : 1
Theorem 7.16. In PG(2,13), there are at least 19941 sd-inequivalent (24;6)-arcs.
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7.17 sd-inequivalent (25;6)-arcs
The number of sd-inequivalent (25;6)-arcs is 26148. Table 7.17 presents the related statistics.
Table 7.17: sd-inequivalent (25;6)-arcs
sd-inequivalent (25;6)-arcs S : w
26148 I : 26068,Z2 : 69,Z3 : 2,Z2×Z2 : 4,Z4 : 1,S3 : 3,D6 : 1
Theorem 7.17. In PG(2,13), there are at least 26148 sd-inequivalent (25;6)-arcs.
Remark
The timings in (msec) of this classification for the construction, the i-secant distributions of (k;6)-
arcs, and the stabilisers of sd-inequivalent (k;6)-arcs are given in Table 7.18. The CPU timings
for (25;6)-arcs are 4 : 21 : 58 : 34, 01 : 35 : 57, 01 : 21 : 42.
Table 7.18: Timing (msec) of (k;6)-arcs for k = 9, . . . ,24
(k;6)-arcs Construction {t6, t5, t4, t3, t2, t1, t0} Stabilisers
(9;6)-arcs 2182 2157 2164
(10;6)-arcs 2281 2295 2145
(11;6)-arcs 2668 2956 2331
(12;6)-arcs 3833 4684 2795
(13;6)-arcs 6337 9147 3943
(14;6)-arcs 14795 19080 6020
(15;6)-arcs 31815 32912 48862
(16;6)-arcs 109736 72366 131783
(17;6)-arcs 451940 114838 223694
(18;6)-arcs 1317723 225384 495909
(19;6)-arcs 3267376 334899 821086
(20;6)-arcs 7451239 541622 1328093
(21;6)-arcs 16863648 1010704 2014101
(22;6)-arcs 36277978 1531558 2932407
(23;6)-arcs 69236502 2340801 4034725
(24;6)-arcs 132275399 3218687 5233797
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Appendix A
The following tables represent the points and the lines of PG(2,13).
Table 7.19: The points of PG(2,13)
1 1 0 0 38 3 0 1 75 6 12 1 112 10 5 1 149 6 11 1
2 0 1 0 39 7 10 1 76 10 10 1 113 8 9 1 150 11 11 1
3 0 0 1 40 5 8 1 77 5 4 1 114 4 1 1 151 11 5 1
4 7 0 1 41 12 10 1 78 2 6 1 115 8 1 0 152 8 6 1
5 7 6 1 42 5 10 1 79 9 3 1 116 0 8 1 153 9 12 1
6 9 4 1 43 5 2 1 80 3 11 1 117 12 0 1 154 10 2 1
7 2 3 1 44 6 5 1 81 11 12 1 118 7 1 1 155 6 10 1
8 3 1 1 45 8 8 1 82 10 1 1 119 12 1 0 156 5 5 1
9 2 1 0 46 12 3 1 83 11 1 0 120 0 12 1 157 8 11 1
10 0 2 1 47 3 6 1 84 0 11 1 121 10 0 1 158 11 6 1
11 6 0 1 48 9 11 1 85 11 0 1 122 7 3 1 159 9 10 1
12 7 7 1 49 11 10 1 86 7 2 1 123 3 10 1 160 5 1 1
13 1 12 1 50 5 7 1 87 6 7 1 124 5 9 1 161 9 1 0
14 10 6 1 51 1 3 1 88 1 1 1 125 4 12 1 162 0 9 1
15 9 2 1 52 3 7 1 89 6 1 0 126 10 11 1 163 4 0 1
16 6 9 1 53 1 7 1 90 0 6 1 127 11 1 1 164 7 9 1
17 4 4 1 54 1 11 1 91 9 0 1 128 10 1 0 165 4 9 1
18 2 10 1 55 11 4 1 92 7 4 1 129 0 10 1 166 4 7 1
19 5 6 1 56 2 8 1 93 2 11 1 130 5 0 1 167 1 5 1
20 9 1 1 57 12 4 1 94 11 8 1 131 7 8 1 168 8 10 1
21 5 1 0 58 2 4 1 95 12 9 1 132 12 1 1 169 5 11 1
22 0 5 1 59 2 5 1 96 4 8 1 133 7 1 0 170 11 7 1
23 8 0 1 60 8 7 1 97 12 8 1 134 0 7 1 171 1 4 1
24 7 5 1 61 1 10 1 98 12 11 1 135 1 0 1 172 2 9 1
25 8 5 1 62 5 3 1 99 11 9 1 136 7 12 1 173 4 10 1
26 8 2 1 63 3 9 1 100 4 3 1 137 10 3 1 174 5 12 1
27 6 8 1 64 4 2 1 101 3 2 1 138 3 5 1 175 10 4 1
28 12 12 1 65 6 4 1 102 6 3 1 139 8 4 1 176 2 12 1
29 10 7 1 66 2 2 1 103 3 3 1 140 2 7 1 177 10 12 1
30 1 6 1 67 6 2 1 104 3 8 1 141 1 9 1 178 10 8 1
31 9 8 1 68 6 6 1 105 12 6 1 142 4 5 1 179 12 7 1
32 12 5 1 69 9 9 1 106 9 5 1 143 8 1 1 180 1 2 1
33 8 3 1 70 4 6 1 107 8 12 1 144 4 1 0 181 6 1 1
34 3 4 1 71 9 6 1 108 10 9 1 145 0 4 1 182 1 1 0
35 2 1 1 72 9 7 1 109 4 11 1 146 2 0 1 183 0 1 1
36 3 1 0 73 1 8 1 110 11 3 1 147 7 11 1
37 0 3 1 74 12 2 1 111 3 12 1 148 11 2 1
Table 7.20: The lines of PG(2,13)
l1 1 2 9 21 36 83 89 115 119 128 133 144 161 182
















l183 183 1 8 20 35 82 88 114 118 127 132 143 160 181
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Appendix B
The following table gives the groups that occur in this work.
Table 7.21: Groups
Group Description of group
Zn Cyclic group of order n
Sn Symmetric group of degree n
Dn Dihedral group of order 2n
An Alternating group of degree n
Zn×Zm Direct product of Zn and Zm
Zn×Sn Direct product of Zn and Sn
(Zn×Zm)oZr Semi-direct product of Zn×Zm and Zr




The following algorithms are used in this thesis.
Algorithm (1) Compute the sd-inequivalent (k;4)-arcs
Step (1): Input (k;4)-arcs.
Step (2): For each (k;4)-arc do the following:
Step (3): Compute the 4-secants of (k;4)-arc.
Step (4): Compute the points lying on the 4-secants of (k;4)-arc.
Step (5): Compute the set V = {PG(2,13)\4− secants}.
Step (6): If V 6= φ , then add each point P ∈V separately to (k;4)-arc to form (k+1;4)-arcs.
Step (7): Otherwise, V = φ and then (k;4)-arc is complete.
Step (8): End
The Output is (k+1;4)-arcs.
Step (9): Input (k+1;4)-arcs.
Step (10): Compute the i-secant distributions {t4, t3, t2, t1, t0} for (k+1;4)-arcs.
Step (11): Compute the sd-inequivalent classes Nc of secant distributions for (k+1;4)-arcs.
Step (12): End.
Note
In Chapter 2, algorithm (1) used the projectively inequivalent (6;4)-arcs as input to establish the
sd-inequivalent (k;4)-arcs for k = 7 only. However, to establish the sd-inequivalent (k;4) for
k > 7, the input will be the sd-inequivalent (k;4)-arcs for k = 7, . . . ,37. Also, In chapter 6, for
k ≤ 10, the input is the projectively inequivalent (k;4)-arcs. In addition, the stabiliser of each
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(k;4)-arc is computed via Gap function Stabilizer(G,acts,OnSets).
Algorithm (2) Compute the quartic curve
(1) Consider the finite field F13.
(2) Consider the homogeneous polynomial f for a quartic curve over the finite field F13.
(3) Given a (k;4)-arcK where k ≥ 24, substitute a particular set of 14 points ofK in f .
(4) Solve the system of homogeneous equations to give the curve C .
Algorithm (3) Identify the rational points ofK on the curve C
over PG(2,13)
(1) Consider the points Pi for i = 1, . . . ,183 in PG(2,13).
(2) Substitute the points from PG(2,13) in a polynomial quartic curve.
(3) For an (k;4)-arc K , let K (C ) = {Pi | f (Pi) = 0}; that is, K (C ) is the subset of K of
points lying on C .
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Appendix D




for x in [1..Length(vvv)] do
v:=vvv[x];
for y in [1..q2+q+1] do
l:=lines[y];













for cc in m1 do





if Size(M)=φ then continue;
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else Print(vvvv, ”\ n”);
fi; od; od;
The following code computes the secant distribution.
v:=[];;
lines:= Set(lines);;
for x in v do
u0:=0;u1:=0;u2:=0;u3:=0;u4:=0;u5:=0;u6:=0;
for i in [1..q2+q+1] do
l:=lines[i];
SI :=Size(Intersection(Set(x),Set(l)));
if SI = 0 then u0:=u0+1;
elif SI = 1 then u1:=u1+1;
elif SI = 2 then u2:=u2+1;
elif SI = 3 then u3:=u3+1;
elif SI = 4 then u4:=u4+1;
elif SI = 5 then u5:=u5+1;
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